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Problem Statement

@ When we have several optimization variables, we have:

minimize  f(x1,...,Xm),
e (o) ®

where m is the number of optimization variables.

@ In this case, we can have distributed optimization because we can work on the
optimization variables in a distributed manner.
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Alternating Optimization

@ Consider the following multivariate optimization problem:

minimize  f(x1,...,Xm),
xi}ily
where the objective function depends on m variables.

@ When we have several optimization variables, we can alternate between optimizing over
each of these variables. This technique is called alternating optimization in the literature
[1] (also see [2, Chapter 4]).

@ Alternating optimization alternates between updating every variable while assuming other
variables are constant, set to their last updated value. After random feasible initialization,
it updates solutions as [1]:

(k+1) . _ ; (k) (k) (k)

X3 = argn;\(lln f(x1,xy 5o, X0 1, Xm’ ),
(k+1) . (k+1) (k) (k)

X5 _argn;lznf(x1 VX2, Xl 1, X ),
k+1 . k+1) _(k+1 k+1

xsn ) .— arg min f(xg ),xg ),...,xfﬂ_l), m)s

until convergence.

@ Any optimization methods, including first-order and second-order methods, can be used
for each of the optimization lines above.

@ In most cases, alternating optimization is robust to changing the order of updates of
variables.

Distributed Optimization 5/46



Alternating Optimization for Decomposable Function in
terms of Variables

@ If the function f(x1,...,Xm) is decomposable in terms of variables, i.e., if we have:

m
f(xl, .. .,Xm) = Zfi(xi)’
i=1

the alternating optimization can be simplified to:

x(1k+1) = arg min fi(x1),
x1

xgkﬂ) = arg min f(x2),
x2

xf,‘,(ﬂ) = argmin fp(xm),
Xm

because other terms become constant in optimization.

@ The above updates mean that if the function is completely decomposable in terms of
variables, the updates of variables are independent and can be done independently.

@ Hence, in that case, alternating optimization is reduced to m independent optimization
problems, each of which can be solved by any optimization method such as the first-order
and second-order methods.
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Proximal Alternating Optimization

@ Proximal alternating optimization uses proximal operator:

. 1
prox,,(x) := arg min (g(u) + ﬁHu — x||§), 2)

for minimization to keep the updated solution close to the solution of previous iteration

[1]:

k+1 . k k k ! k
x{ = arg min (f(n,xg LX) + EIIXI - x{ )||§):
xgkﬂ) = arg n,q(IQn (f(x§k+l),X2,~ S:) 17x(k)) ”X2 %2 )”2)
(k+1) = arg m|n (f(x k+1) §k+1), .. f,’f’}),xm) + %me - XE,’;)H%)
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Alternating Optimization for Constrained Problems

@ The alternating optimization methods can also be used for constrained problems:
minin;ize f(X1,.--yXm)
3)
subjectto x; €S, Vie{l,...,m}.

@ In this case, every line of the optimization is a constrained problem:

xgkﬂ) := arg min (f(xl, ng)’ ... ,x(ni(ll, xg,,,()), s.t. x1 € 81),
x1
xgk+1) := arg min (f(xgkﬂ)7 X2, .., xf:)_l,xs,,,()), st. x2 € 32),
x2
xs,‘,(_H) ‘= arg r;]rlnn (f(xgkﬂ), ng+1)’ .. ,xf:i}),xm), st. xm € Sm).

@ Any constrained optimization methods can be used for each of the optimization lines
above. Some examples are projected gradient method, proximal methods, interior-point
methods, etc.

@ Practical experiments have shown there is usually no need to use a complete optimization
until convergence for every step in the alternating optimization, either unconstrained or
constrained. Often, a single step of updating, such as a step of gradient descent or
projected gradient method, is enough for the whole algorithm to work.
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Dual Ascent Method

@ Consider the following problem:

minimize  f(x)
X

subject to Ax = b. ®)
@ We follow the method of Lagrange multipliers discussed before.
@ The Lagrangian is:
L(x,v) = f(x)+ v (Ax — b).
@ The dual function is:
gv) = ir)'n(f L(x,v). (5)
@ The optimal dual problem maximizes g(v):
v =arg m’fxg(u), (6)
so the optimal primal variable is:
x* = arg min L(x,v"). )]

@ For solving Eq. (6), we should take the derivative of the dual function w.r.t. the dual
variable:

Voe(w) 2 Vo inf £(x,)) © Vo (f(x*) + v (Ax" — b)) = Ax* — b.
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Dual Ascent Method

@ We found:
v* = argmax g(v),
v
x* = argmin L(x, ™).
X

@ The dual problem is a maximization problem so we can use gradient ascent for iteratively
updating the dual variable with this gradient. We can alternate between updating the
optimal primal and dual variables:

x1) .= arg min £(x, (), (8)
X
kD) = () 4 () (ax(k+1) _ p), (9)

where k is the iteration index and n(k) is the step size (also called the learning rate) at
iteration k.

@ Eq. (8) can be performed by any optimization method. We compute the gradient of
L(x, u(k)) w.r.t. x. If setting this gradient to zero does not give x in closed form, we can
use gradient descent to perform Eq. (8).

@ Some papers approximate Eq. (8) by one step or few steps of gradient descent rather than
a complete gradient descent until convergence. If using one step, we can write Eq. (8) as:

X(k+1) — X(k) _ ’nyL(va(k)), (10)

where v > 0 is the step size. It has been shown empirically that even one step of gradient
descent for Eq. (8) works properly for the whole alternating algorithm.
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Dual Ascent Method

@ We had:

xUHD = arg min £(x, 1)),
X

WD) = (0 | () (Ax(kHD) _ )

@ We continue the iterations until convergence of the primal and dual variables to stable
values. When we get closer to convergence, we will have (Ax*T! — b) — 0 so that we will
not have update of dual variable according to Eq. (9). This means that after
convergence, we have (Ax**! — b) a2 0 so that the constraint Ax = b in Eq. (4) is
getting satisfied. In other words, the update of dual variable in Eq. (9) is taking care of
satisfying the constraint.

@ This method is known as the dual ascent method because it uses gradient ascent for
updating the dual variable.
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Dual Decomposition Method

@ Again, consider the following problem:
minimize  f(x)
X
subject to Ax = b.

@ |If the objective function can be distributed and decomposed on b blocks {x;}2_,, i.e.:
f(x) = Alx1) + - + filxp),

we can have b Lagrangian functions where the total Lagrangian is the summation of these
functions:

Li(xi,v) = f(x;) + v (Ax; — b),
b
L(xj,v) = Z (F(xi)+ v (Ax; — b)).
i=1

@ We can divide the Eq. (8), x(k+1) .= arg ming £(x, u(k)), into b updates, each for one of
the blocks.
X = argmin L(x,0®),  Vie{1,...,b}, (11)
xj

1

Pkt = (k) 4 n(k)(Ax(k'H) — b). (12)
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Dual Decomposition Method

@ We found:

MR

= arg min £(x, u(k))7 vied{l,...,b},
X
k) = (k) 4 () (ax(k+D) _ p).
@ This is called dual decomposition developed by decomposition techniques such as the

Dantzig-Wolfe decomposition (1960) [3], Bender’'s decomposition (1962) [4], and
Lagrangian decomposition (1963) [5].

@ The dual decomposition methods can divide a problem into sub-problems and solve them
in parallel. Hence, it can be used for big data but they are usually slow to converge.
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Augmented Lagrangian Method (Method of Multipliers)

@ Recall Eq. (4):
minimize  f(x)
X

subject to Ax = b.

@ Assume we regularize the objective function in Eq. (4) by a penalty on not satisfying the

constraint: o
minimize f(x) + £||Ax — b||3
imize  £(x)+ 2]l Ax - b|} )
subject to Ax = b,
where p > 0 is the regularization parameter.
Definition (Augmented Lagrangian (1969) [6, 7])
The Lagrangian for problem (13) is:
— T p 2
Ly(x,v):=f(x)+v (Ax—b)+ 5||Ax—b||2. (14)

This Lagrangian is called the augmented Lagrangian for problem (4).
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Augmented Lagrangian Method (Method of Multipliers)

@ The augmented Lagrangian:
Lo(x,v) = f(x) + v (Ax — b) + §||Ax — b2
@ Recall Egs. (8) and (9):

x*+1) .= arg min L(x, u(k))7
X

kD) = () 4 (k) (ax (kD) _ p),
@ We can use this augmented Lagrangian in Egs. (8) and (9):

xUHD) = argmin £,(x, v()), (15)
X

D) = ) o pAx(kH) — ), (16)

where we use p for the step size of updating the dual variable. This method is called the
augmented Lagrangian method or the method of multipliers (1969) [6, 7, 8].
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Alternating Direction Method of Multipliers (ADMM)

@ Alternating Direction Method of Multipliers (ADMM), proposed in 1976 [9, 10, 11], has
been used in many recent machine learning and signal processing papers.
@ The usefulness and goal for using ADMM (and other distributed methods) are two-fold:
> it makes the problem distributed and parallelizable on several servers,
> it makes it possible to solve an optimization problem with multiple variables.

@ Consider the following problem:
minimize  fi(x1) + f(x2)
X1,X2 (17)
subject to Ax; + Bx> =c,

which is an optimization over two variables x; and x».
@ The augmented Lagrangian for this problem is:

Lo(x1,x2,0) = fi(x1) + B(x2) + v (Ax1 + Bxa — €) + §||Ax1 +Bx;—c|3  (18)

@ We can alternate between updating the primal variables x; and x2 and the dual variable v
until convergence of these variables:

xgk+1) = argmin ,Cp(xl,xgk),u(k)), (19)
x1

ng+1) = argmin L,,(xgk“),xz,u(k))7 (20)
X2

Pt = (k) 4 p(Axng) + Bxgk'”) —c). (21)
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Alternating Direction Method of Multipliers (ADMM)

@ Note that the order of updating primal and dual variables is important and the dual
variable should be updated after the primal variables but the order of updating primal
variables is not important.

@ A good survey/tutorial on ADMM is by Boyd in 2011 [11].

@ As was explained before, Egs. (19) and (20) can be performed by any optimization
method such as calculating the gradient of augmented Lagrangian w.r.t. x; and xz,
respectively, and using a few (or even one) iterations of gradient descent for each of these

equations.
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Simplifying Equations in ADMM
@ The last term in the augmented Lagrangian, Eq. (18), can be restated as:
v (Ax; + Bxy —c) + gHAxl + Bxy — c|)?

1 1
T(Ax1 + Bx — ) + D]l Axy + Bxz — el3 4 vl — [lv3

2 1
= 211+ Bxa — el + S Iwlf + v (Ax + Bro— ) — o Iw
)
@ LllAx1 + Bxo — c + u||2 - 7H [&
b p
= 5HAxl + Bxy, —c+ uH2 — 2—p||u||§

where (a) is because of the square of summation of two terms and (b) is because we

define u := (1/p)v.

@ The last term —(1/(2p))||v||3 is constant w.r.t. the primal variables x; and x2 so we can
drop that term from Lagrangian when updating the primal variables

@ Hence, the augmented Lagrangian can be restated as:

Ly(x1,%x2,u) = fi(x1) + fo(x2) + gHAxl + Bxy — ¢+ u||§ + constant. (22)
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Simplifying Equations in ADMM

@ The augmented Lagrangian:
Lo(x1,x2,u) = fi(x1) + f(x2) + gHAxl + Bxy; — ¢ + u||§ + constant.

@ For updating x1 and x2, the terms f2(x2) and f(x1) are constant, respectively, and can be
dropped (because here arg min is important and not the minimum value). Hence, Egs.
(19), (20), and (21) can be restated as:

x§k+1) = arg min (ﬁ_(xl) n gHAXI + Bxgk) —c+ u(k)Hg)’ (23)
X1

xékJrl) :— arg min (@(m) + §||Axgk+1) +Bxy—c+ u(’f)Hg), (24)
X2

ulHD) = 0 4 oA 4 BxUTY ¢y (25)

@ Again, Eqgs. (23) and (24) can be performed by one or few steps of gradient descent or
any other optimization method.

@ The convergence of ADMM for non-convex and non-smooth functions has been analyzed
in [12].
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ADMM Algorithm for General Optimization Problems and
Any Number of Variables

ADMM can be extended to several equality and inequality constraints for several
optimization variables [13, 14].

@ Consider the following optimization problem with m optimization variables and an equality
and inequality constraint for every variable:

m

m{lm{mze Z fi(xi)

Xi i= f—

oo (26)
subject to  y;(x;) <0, i €{1,...,m},
h,'(X,') =0,i€ {1,...,m}4

@ We can convert every inequality constraint to equality constraints by this technique
[13, 14]:
2
yi(xi) <0 yi (xi) := (max(0,yi(x)))” = 0

@ Hence, the problem becomes:

m
minimize E fi(x;
i=1

{xi}L,

subject to  y/(x;) =0, i € {1,...,m},
h,'(X,') =0,i€ {1,. . .,m}.
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ADMM Algorithm for General Optimization Problems and

Any Number of Variables

@ We found:
m
minimize fi(x
{xih, ; '
subject to  y/(x;) =0, i € {1,...,m},
h,'(X,') =0,i¢€ {1,...,m}.
@ Having dual variables A = [A1,...,Am]T and v = [v1,...,vm] T and regularization

parameter p > 0, the augmented Lagrangian for this problem is:
Lo({xi}y,v",v)
7] m p m
—Zf(x)+z/\lyl(x)+zyll )+§Z(}’i,(xi))2+izh(xl
i=1 i=1

i=1

i=1
= 2 A) ATy 00+ T + 2y GOlI3 + ZlInGa) 13,

(27)

where R™ 3 y/(x) := [y{(x1)s- -, ¥l(xm)]T and R™ 3 h(x) := [h1(x1),. .-, hm(xm)] T
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ADMM Algorithm for General Optimization Problems and
Any Number of Variables

@ We found:

m

Lot v v) = 3 £i(x) + ATy () + 1T hx) + 2y (113 + ZlIRGl3.
i=1

@ Updating the primal and dual variables are performed as [13, 14]:

XD argmin L,(x;, )\Ek), V'.(k)), Vie{l,...,m},
x;

1
AGFD .= XK gy (x(KHD),
P = () 4 p(x kD)),
@ Note that as the Lagrangian is completely decomposable by the i indices, the optimization

for every i-th primal or dual variable does not depend on other indices; in other words, the
terms of other indices become constant for every index.
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ADMM Algorithm for General Optimization Problems and
Any Number of Variables

@ The last terms in the augmented Lagrangian, Eq. (27), can be restated as:
ATy Th P 2 Pup 2
Y () +v h(x)+ Sy (D2 + A2
p 1 1
= ATy () + Sy O3 + 5 IN3 = = IAl3
2 2p 2p

P 1 1
+v T h(x) + *Ilh(X)H% + =l = = lvl3
2p 2p

N\b

(||y(x)||2+ IAI3 + ATy’(x)) —HAH%
1 2
(||h(x)||2+ B + 2 “vTh()) = v
P
— Py 4 AR - L p Lo e
=5l e+ AL p||A||2+2||h(x)+pu||2 2, 1B
a

L ||y (x) + u>\||2 L Hh(x) + ul,||§ — constant,

where (a) is because we define uy := (1/p)X and u, := (1/p)v.
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ADMM Algorithm for General Optimization Problems and
Any Number of Variables

@ The augmented Lagrangian was:
= p P
Lo({xi}y v, w) =D filxi)) + ATy (x) + v T h(x) + Elly/(X)H% + Ellh(X)Hﬁ-

@ We simplified the last terms in the augmented Lagrangian:

P P
ATy (x)+ v h(x) + Elly’(X)Hg + EHh(X)H%

= gHy’(x) + u>\||§ + g”h(x) + u,,||§ — constant.

@ Hence, the Lagrangian can be restated as:
u P 2
Lo({xi}yux, u) = Zfi(xf)+ §||y'(x)+u>\||2 H +u,,||2+constant

m m
= Z fi(x;) + g Z (! (xi) + uxi)? + (hi(x;) + uyyi)z] + constant,

where uy ; = (1/p)A; and u,; = (1/p)v; are the i-th elements of uy and u,, respectively.
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ADMM Algorithm for General Optimization Problems and
Any Number of Variables

@ The Lagrangian was restated as:

m
Lo({xi}liuxn,uy) = Z fi(x;) + gHy'(x) + u)\||§ + g”h(x) + u,,||§ -+ constant
i=1

= Z fi(x;) + g Z (! (xi) + uni)? + (hi(xi) + ul,,,-)z] + constant.

@ Hence, updating variables can be restated as:

XM = argmin (6(xi) + 2 [(7F () + D)+ (hilx) + 0] ). vi € {1, .om

/

(28)
Y = o)+ oy ), vie {1, m) (29)
w5 = i 4 p (D), i {1, m). (30)
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Use of ADMM for Distributed Optimization

@ ADMM is one of the most well-known algorithms for distributed optimization.

@ If the problem can be divided into several disjoint blocks (i.e., several primal variables), we
can solve the optimization for each primal variable on a separate core or server (see Eq.
(28) for every i):

x{ M = argmin ((xi) + 2 [(7F () + D)+ (hiCx) + 0] ) Vi € {1, m).

Hence, in every iteration of ADMM, the update of primal variables can be performed in
parallel by distributed servers.

@ At the end of each iteration, the updated primal variables are gathered in a central server
so that the update of dual variable(s) is performed (see Egs. (29) and (30)):

Ug\lij'l) = ug\kz +pyl,’(x(k+1)) Vi e {1 m}’

)

@ Then, the updated dual variable(s) is sent to the distributed servers so they update their
primal variables. This procedure is repeated until convergence of primal and dual variables.

@ In this sense, ADMM is performed similar to the approach of federated learning [15, 16].
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Making Optimization Problem Distributed

@ We can convert a non-distributed optimization problem to a distributed optimization
problem to solve it using ADMM. Many recent machine learning and signal processing
papers are using this technique.

@ Univariate optimization problem: Consider a regular non-distributed problem with one
optimization variable x:

minimize E fi(x)
X
i=1

(31)
subject to  y;(x) <0, ie{1,...,m},
hi(x) =0, i€ {1,...,m}.
@ This problem can be stated as:
m
minimize fi(x;
(i} 2 i0x1)
subject to  y;(x;) <0, i €{1,...,m}, (32)
hi(xi) = 07 i€ {17 . '7m}7
xi=2z, i €{l,...,m},

where we introduce m variables {x;}7 , and use the trick x; = z,Vi to make them equal
to one variable.
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Making Optimization Problem Distributed

@ Eq. (32) is similar to Eq. (26) except that it has 2m equality constraints rather than m
equality constraints.

@ Hence, we can use ADMM updates similarly to Eqs. (28), (29), and (30) but with slight
change because of the additional m constraints.

@ We introduce m new dual variables for constraints x; = z,Vi and update those dual
variables as well as other variables. The augmented Lagrangian also has some additional
terms for the new constraints.

@ The Lagrangian and ADMM updates of this are not stated here because of its similarity to
the previous equations.

@ This is a good technique to make a problem distributed, use ADMM for solving it, and
solving it in parallel servers.
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Making Optimization Problem Distributed

@ Multivariate optimization problem: Consider a regular non-distributed problem with
multiple optimization variables {x;}7 ;:

minimize fi(x;
3 ; (i) (33)

subjectto x; € S;, i €{1,...,m},

where x; € §; can be any constraint such as belonging to a set S;, an equality constraint,
or an inequality constraint.
@ We can embed the constraint in the objective function using an indicator function:

m{ini}nnjize Z (f,-(X,') + ¢i(Xi))a
XJi=1 i=1

where ¢;(x;) :=I(x; € S;) is zero if x; € S; and is infinity otherwise.
@ This problem can be stated as:

minimize fi(x;) + ¢i(z;
Toyms ; ( r( /) ¢>/( I)) (34)
subject to x; =2z;, i€ {1,...,m},

where we introduce a variable z; for every x;, use the introduced variable for the second
term in the objective function, and we equate them in the constraint.
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Making Optimization Problem Distributed

@ We found:

m

m{lnlmlze Z (fi(xi) + ¢i(zi))

Xi i=1 i=1
subject to x;=2z;, i€ {1,...,m}.

@ As the constraints x; — z; = 0, Vi are equality constraints, we can use Egs. (23), (24),
and (25) as ADMM updates for this problem:

x’(k+1) := argmin (f,-(x,-) + ngi - zgk) + ugk)Hg), Vie{l,...,m}, (35)
x;
z§k+1) ‘= arg mi‘n ((b,-(z,-) + BHxEkH) —z;+ ugk)Hz), vie{l,...,m}, (36)
u = o)y oD 4 26T i (1, m).

@ Comparing Egs. (35) and (36) with the proximal operator,
prox, g(x) := arg miny (g(u) + %Hu - xH%) shows that these ADMM updates can be
written as proximal mappings:

x,(.kﬂ) = prox;f.(zﬁk) - u,(.k)), vie{l,...,m},
L,
2 = prox o OV ) vie (1, my, (37)

ul ) =y 4 (D D)y e g1, m,

(k+1) ”2 (k+1) u('k)”%_

if we notice that ||x; —zi+ u =|lz; — x;
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Making Optimization Problem Distributed

@ Note that in many papers, such as [17], we only have m = 1. In that case, we only have
two primal variables x and z.

@ According to the lemma we had (that the proximal operator of indicator function is
projection), as the function ¢;(.) is an indicator function, Eq. (37):

2 = proxy , (Y ), vie {1, m},
L,

i
can be implemented by projection onto the set S;:

A = Ns (xl(.kﬂ) + ul(.k)), vie{l,...,m}.

i i

@ As an example, assume the variables are all matrices so we have X;, Z;, and U;. If the
set S; is the cone of orthogonal matrices, the constraint X; € S; would be X,-TX,- =1.1In
this case, the update of matrix variable Z; would be done by setting the singular values of

(xEkH) + ugk)) to one (recall projection onto the cone of the orthogonal matrices).
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Example of ADMM

@ This example is in my own paper (Image Structural Component Analysis) [18].

@ Let image be divided into b blocks. Our goal is to find a p-dimensional subspace for
reconstruction of every image block (each block as g pixels and we have p < q).

~ Latent
N space ~
~ ~ P \\\
image /< reconstructed \‘ﬂ
image

@ Considering all the b blocks in an image, the problem is:

minimize

b
imize > 1% — UiU] %4,
U;e i—1

subject to U U; =1, Vie{l,...,b},

where X; € R9 and U; € R9%P are the i-th block and the bases of its subspace,

respectively.
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Example of ADMM

@ We had:

b
minimize Z [|%; — U;U] %i||s,
UieRaxp

subject to U,-TU,- =1, Vie{l,..., b},

@ We convert it to:

b
minimize f(U;)+ h(V))),
U,-,V,-ERqXP ;( ( l) ( I)) (39)
subjectto U -V =0,
where f(U;) := ||%; — U;U] %i||s and h(V;) :=I(V] V; =1I).
@ The (squared) SSIM distance, which we denote by ||.||s, is [19]:
o . %1 — %13
R > [|X1 — X2||s :== 1 — SSIM(X1, X2) = (40)

%[5 + [[%2l[3 + ¢

@ The I(.) denotes the indicator function which is zero if its condition is satisfied and is
infinite otherwise.

@ The U and V are defined as union of partitions to form an image-form array, i.e.,
U:=Ub U;jand V:=Ub  V;[17]
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Example of ADMM

@ Eq. (39) was:
b

minimize Z(f(Ui)‘f'h(Vi))’

Uj,V eRaxp 4
subject to U-v=0.
@ The augmented Lagrangian for Eq. (39) is:

b
Ly, =" (F(U) +h(V) + te(AT(U — V) + (p/2) [|U - V| I}
i=1
b
=" (FU) + h(V)) + (p/2) [|U = V + J|I} = (p/2) |INI[Z,
i=1

where ||.|| is the Frobenius norm, A := U2 A; is the Lagrange multiplier, p > 0 is a
parameter, and J := (1/p)\ = (1/p) Ub_; A; = U2_, J;.

@ Note that the term (p/2) [|A||% is a constant with respect to U and V and can be
dropped. The updates of U, V, and J are done as [11, 17]:

Ut = argmin (F(U;) + (p/2) I1U; — v + J9)12), (41)
VI = argmin (h(V) + (p/2) 100D = v+ SP)1), (42)
JUHD) (k) yetD) _ (kD) (43)
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Example of ADMM

(a) (b) © (d) (e) f) \ (e)

Fig. 1. Examples from the training dataset: (a) original image, (b) contrast stretched,
(¢) Gaussian noise, (d) luminance enhanced, (¢) Gaussian blurring, (f) salt & pepper
impulse noise, and (g) JPEG distortion.

@ ®) o T

Fig. 2. The first dimension of the trained (a) U, (b) V', and (c) J for ISCA.
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