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Integer linear programming

A linear programming problem is of the form:

minimize linear function in x
X

subject to  affine inequality constraints in x,

affine equality constraints in x.

An integer linear programming problem is of the form:

minimize linear function in x
X

subject to  affine inequality constraints in x,
affine equality constraints in x.
x €Z.

In other words, integer linear programming is linear programming where the optimization
variables are restricted to be integer.

If some of the variables are integer and some are not, we have mixed-integer programming [1].
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Practical Example

@ A company has two products. Let x; and x> denote the number of the first and second
products to be produced, respectively. Therefore, x1,x2 > 0 and x1,x2 € Z.

@ The company has profits $60 and $30 for the first and second products. Therefore, the
total profit of company:

c = $(60x; + 30x2).

@ The resources for these products are limited, so we have the following restrictions:

> We do not want the first product, with proportion 8, and the second product, with
proportion 3, to spend more than $48, so: 8x; + 3xx < $48.
> For four of the first product and three of the second product, we have the budget to
spend at least $25, so: 4x3 + 2xp > $25.
The optimization becomes:
maximize ¢ = 60x; + 30x2
X15X2
subject to  8x1 + 3x2 < 48,
4x1 + 2xp > 25,
X1, X2 2 0'7

X1, X2 € Z.
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Integer linear programming

maximize ¢ = 5x1 + 6xp
X1 X2

subject to  x3 +x2 <5,
4x1 4+ Txp < 28,
x1,x2 > 0,

X1, X2 € Z.

Questions:

@ s integer optimization (such as integer linear programming) harder or easier than
continuous optimization (such as linear programming)?

@ Is the optimum value of objective function in integer linear programming better or worse
than the that value in linear programming?
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Subproblem 1

We relax the problem to linear programming:

maximize ¢ = 5x1 + 6x»
X1,X2
subject to  x; +x2 <5,
4x1 + Txp < 28,

x1,x2 > 0.

Solution:

c* = 27.67,xF = 2.33,x} = 2.67.
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Subproblem 1

maximize ¢ = 5x; + 6xp
X1 5X2

subject to  x1 + x2 <5,
4x1 + Txp < 28,
x1,Xx2 > 0.
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Subproblem 2

maximize ¢ = 5x3 + 6x2
X1,X2

subject to  x; +x2 <5,
4x1 + Txo < 28,
x2 < 2,
Xx1,X2 > 0.

Solution:
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Subproblem 2

maximize ¢ = 5x; + 6x2
X1,X2

subject to  x; +x2 <5,
4x1 + Txo < 28,
x <2,
Xx1,Xx2 > 0.
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Subproblem 3

maximize ¢ = 5x3 + 6x2
X1,X2

subject to  x; +x2 <5,
4x1 + Txo < 28,
x 2 3,
x1,x2 > 0.

Solution:

c* =26.75,x; = 1.75,3 = 3.
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Subproblem 3

maximize ¢ = 5x1 + 6xp
X1,%2

subject to  x; +x2 <5,
4x1 + Txp < 28,
x2 > 3,
Xx1,x2 > 0.
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Subproblem 4

maximize ¢ = 5x1 + 6x2
X1,%2

subject to  x3 +xp <5,
4x1 + Txp < 28,
x2 >3,
x1 <1,
x1,x2 > 0.

Solution:

c* =25.75,x{ =1,x5 = 3.42.
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Subproblem 4

maximize ¢ = 5x1 + 6x»
X1,X2

subject to  x; +x2 <5,
4x1 + Txp < 28,
x2 > 3,
x1 <1,

x1,x2 > 0.
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Subproblem 5

maximize ¢ = 5x1 + 6x2
X15X2

subject to  x3 + x2 <5,
4x1 + Txp < 28,
x 2> 3,
x1 22,
Xx1,Xx2 > 0.

Solution: No feasible solution!
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Subproblem 6

maximize ¢ = 5x3 + 6x»
X1,%0

subject to  x; + x2 <5,
4x1 + Txo < 28,
x 2> 3,
x1 22,
x <3,
Xx1,Xx2 > 0.

Solution:
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Subproblem 7

maximize ¢ = 5x3 + 6x»
X1,%0

subject to  x; + x2 <5,
4x1 + Txo < 28,
x 2> 3,
x1 22,
x > 4,
Xx1,Xx2 > 0.

Solution:
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Sub problems in a nutshell

@ Compare solutions of subproblems 2, 5, 6,
and 7 (with integer solutions).

@ The final solution is the solution of
subproblem 2 with the maximum
objective function value:

X" =27,x{ =3,x3 =2.

;nJanar- 6
C*: 23
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https://www.youtube.com/watch?v=upcsrgqdeNQ
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