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What is Optimization?
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Optimization problem m —ﬁ@%——aﬁ@ 'FL/

@ Consider a function representing some cost. We call it cost function or objective function.
@ We want to minimize or maximize this objective function.
@ Examples:

> Example for minimization: the cost function can be the error of some airplane
structure from the perfect aerodynamic structure.

> Example for maximization: the objective function can be the profit of the company.

> All life is optimization! -

> All machine learning in artificial intelligence is optimization!

@ The variables of the objective function are called the objective variables or decision

variables or optimization variables. KA‘\' X
@ Example: x :)
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Univariate and multivariate optimization problems

@ The optimization problem can be univariate, meaning that the optimization problem has
only one scalar variable. Example:
y one scalar varia P nd leld

minigice F(x) = x2. :m(mf% aall @?

@ The optimization problem can be multivariate, meaning that the optimization problem
has several scalar variables {x1,...,x,}. These variables can be combined into a vector
or matrix. Example: v App

7\ /M .
@ m|n|m|ze fxX)=%Tx=x2+---4+x2. .
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Unconstrained and constrained problems

@ The optimization problem can be unconstrained, meaning that we simply optimize a

function only. Example: 2
Y P T ’?W =X

mir@ize f(x)=x"x.

@ The optimization problem can be constrained, meaning that we optimize a function while
there are some constraints on the optimization variables. Example:

e f) =G {e + )
,?M()‘/w]l]m 'o'V\ A

(conshrnses)

A—=o ? wlggz
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Optimization versus search

@ If the objective problem is snmple enough,
we can solve it using classuc optimization methods. We will learn important classic methods.

'g(") -g(n)
» & ; ; %z
i T%

@ If the objective function is com-
plicated or if we have too many constraints, we can use search for finding a good solution.

-ﬁw
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Search for optimization \ j

@ We can do grid search or brute-force search.
Y ——— -

7\ i
@ Or we can search wisely by metaheuristic optimization. We will learn several important
metaheuristic optimization methods.
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: Ao
Interior, closure, and boundary

¢ (Lé" w S M
. 7\
Ko P 72 Qen) “W\“ @o\\w ;

Definition (Iyérior of set)// > A\ '\

Consider a set D in a metric space R?. The point x € D is an interior point of the set if:
e —

o o

N

¥ 3¢>0 such that {yH|y—xH2§e}gD.)(

The interior of the seir’denoted by int(D), is the seff containing all the |nte\r|>\points of the set.

i St

it (D)

D]
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Interior, closure, and boundary

Definition (Closure and boundary of set)

k %L\\k&\\%\

The closure of the set is defined a =R\ int(R9 \ D).

The boundary of set is defined as bd(D) := cl(D) \ int(D).
An open (resp. closed) set does not (resp. does) contain its boundary.

The closure of set can be defined as the smallest closed set containing the set. In other
words, the closure of s% the}n-'rén of intey’or and boundary of the set.
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Convex set

Definition (Convex set and convex hull)

A set D is a convex set if it completely contains the line segment between any two points in the

set D: %{‘0'\\
—
Vx,y e D,0<t<1 = tx+(1—t)y € D.
[ | U | S

The convex hull of a (not necessarily convex) set D is the smallest convex set containing the set
D. If a set is convex, it is equal to its convex hull.

v

e A
Pm/ve,_yL N oh - (BhVE!

e bl £ D
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Min, max, sup, inf

Definition (Minimum, maximum, infimum, and supremum)

A minimum and maximum of a function f: RY - R, f : x — f(x), with domain D, are defined
as:

min f(x) < f(y), Vy € D,

max f(x) > f(y), Vy € D,
X

respectively. M}L ’?17\)

The minimum and maximum of a function belong to the range of function.

maximum M :e( " )

infimum

I




Min, max, sup, inf

Definition (Infimum and supremum)

Infimum and supremum are the lower-bound and upper-bound of function, respectively:
lowey
inf £(x) : @ €R|z < f(x),Vx €D},

sup f(x) : zeR|z > f(x),Vx € D}.
up £(x) <z € R |z > () }

Depending on the function, the infimum and supremum of a function may or may not belong to
the range of function.

maximum

¥ =

infimum

T



Inner product

(1 (273
A \ dv( [Dc 5 é]>::

289

product of vectors)
ors x = [x1,..., xd]Tand y=D,-.. 7yd]-'—._@ Their inner product,

duct, is:
produc ) , A [Z,J H= [2—}
SMXN/‘ e (x,y)= ;Xi)’h 13 <’l;}97:‘ 3

>[4 = (lx2)+(2¢*)

Definition (Inn

Consider two v
also called d

Definition\{nner product of matrices)

We also have inner product between matrices X, Y €(R%x% | Let‘ denot&_he (i,j)-th
element of matrix X. The mmerproduct of X and Y is: (L
'S \ ] K2

[d o \
K= =33 Xi Vi, L
u — i=1 j=1
where tr(.) denotes the trace of matrix. () @) '\ rLD @7 ;p“{ )
Ioumerz .
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Norm

fo o I
' m—
Ydone, e—2 [l -y
v“dry\c Wb’ll'l“\
/ [4 .9
Definition (Norm)
—

A function || - || : RY = R, || - || : x = ||x]|| is a norm if it satisfies:

Q |Ix[l > 0,vx

@ |lax|| = |a| ||x||, Vx and all scalars a

@ lIx|| =0ifand only if x =0

Q Triangle inequality: [|x + v < xI| + lyll. — / \ |

RHO
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Important norms for vectors

Some important norms for a vector x = [x1, ..., xg] | are as follows.
. | —
@ The ¢, norm is: Iof tihtw \D

~ :: (b}lf+---+lxd\p)1/’)7 = \’7‘\\?+—-*"f- (ZJIP

wherand |.| denotes the absolute value.

—
@ Two well-known £, norms are ¢; norm and ¢> norm (also called the Euclidean norm) with
p =1 and p = 2, respectively: Q

£ =1 !

d
A t
LR M lxlli:=Pbal+- o+l = ZIX:I

R, —> x> = 13 = Zx2 = L"\_

s Al ’?\7,
norm, or the Chebyshev norm,

“7{___0”2': “7'”2

] The l~o norm, also called the infinity norm, the max

“7(’)’“/ EW'I M?&; [IX|loo := max{|x.| & --- 4 [xal}.

2
1% =4
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Important norms for matrices dz
A\Xl')—’(A3 4”9%\ f ] $
/ | /7\

— T

Some important norms for a matrix X € R% X Are as follows. %

@ The formulation of the Frobenius norm for a matrix is similar to the formulation of ¢,
Jrohenius norm
norm for a vector: —

\ Sintlar (2l 4 d

Al IXle = | SoD X2 < X : 4
i:\l j:1_w wh\ﬂ X

X. yorlt ot

iz
R

where Xj; denotes the (i, j)-th element of
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Quadratic forms using norms A= EIS] = llall, =y 1% 32
J

\ no\llz‘: (L+3z

For x € R? and X € RN%% we have:

{ Z 1
L fen -
¢’ T -
Sy \xﬂ?—tr XTX) = 2}2})@
L’—’J

which are convex and in gg_a_dj:agc forms.

SATENT
[X,”Z = T?( =N

—ﬁ(x) =

Xéq/ ;i +Xz E é Eﬁu)- 7" +12
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Unit balls 2,

Definition (Unit ball) 73

A Pkl i)
for %,

NV

The unit ball for a norm || - || is:

Bi={xeR| ||x||é 1.
=

Y,

2\ 4

s
NN B

1

(b) © DL, = '““"J\

The unit balls, in R2, for (a) ¢1 norm, (b) £2 norm, and (c) ¢oc norm. [9\ lj
— \11( 97" P
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Dual norm

Definition (Dual norm) VAN
Let ||.|| be a norm on RY. Its dual norm is: VAR
el e,
—1
—~
ot & T D el Ty Iy < 1 M)
w L—&_) |
Note that the notation || - ||« should not be confused with the the nuclear norm despite of
similarity of notations.
( (= ”*
YNAL/W
hdym
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Dual norm

Lemma (Holder's [1] and Cauchy-Schwarz inequalities [2])
Hélder's inequality states that: sealar

— | qq,_—:bo
where p,q € [1,00] and p and q satisf
N 2
r- Y %

L= geiame | Ly vl

|-l =>k -l =1 llo/p—1)» | V€ [1,00].

For example, the dual norm of ||.||2 is ||.||2 again and the dual norm of ||.||1 is ||.||co-

Preliminaries

to Eq. (2)§e have: o ’ A WL ,,"’Lur‘
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Dual norm

I-lle = 1=l =1 llp/(p-1)» VP € [L,09].

@ The dual of ¢3 norm is £ norm.
@ The dual of #1 norm is £o, norm.

@ The dual of £o, norm is 1 norm.

ﬂﬁ” ﬂ
X X ke X
?l\ /1 21 /‘ 211\/
4/7 \

{
1 x1 - 1 X1 1 1 X1
) -1

(a) (b) ()

The unit balls, in R2, for (a) €1 norm, (b) £> norm, and (c) ¢oc norm.
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Cone and dual cone / 7(/
Definition (Cone) // J

A set K C RY is a cone if:
@ it contains the origin, i.e., 0 € K,
@ K is a convex set,
————
Q@ for each.x e and“)\ > 0, we have‘)\x S IC.l
i

Definition (Dual cone)

The dual cone of a cone K is:

L K= {ylyTx>0vx €K}, /r m
) \ Yy
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Proper cone

Definition (Proper cone [3])

A convex cone K C R? is a proper cone if:
Q IC is closed, i.e., it contains its boundary,
—
@ K is solid, i.e., its interior is non-empty,
—

© K is pointed, i.e., it contains no line. In other words, it is not a two-sided cone around the
origin

r *

W

+WU—QJ«1£6“6

coné

preper <
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Generalized inequality X2y = aJ2-

o A-Y > e
Definition (Generalized inequality [3]) A ?Ic) = 7k

A generalized inequality, defined by a proper cone I, is:

xXrgy|l<= x—yek.

- tha@i’_ -

A

A 4
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Important examples for generalized inequality qs J> [ ]

@ The generalized inequality defined by the non-negative orthant, &= R+, is #he default
inequality for vectors x = [x1,...,xq]", ¥y = [y1,...,yd] "

@opdndy dw*‘:”*. 7 /////

(an o 22

It means component-wise inequality:
viedl,...,d}.

@ The generalized inequality defined by the positive definite cone, K = S , is the default
inequality for symmetric matrices X, Y € S9:
»7Y

lX"Y;Pr"l @ngr@x )Y o« Y

It means (X — Y) is positive semi-definite (all its eigenvalues are non-negative). Y

@ If the inequality is strict, i.e. X > Y, it means that (X — Y') is positive definite (all its
eigenvalues are positive).

@ x > 0 means all elements of vector x are non-negative and X > 0 means the matrix X is
positive semi-definite.
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Convex function

Y AN
i

K=o — j
Definition (Convex function) x= 1 >R
A function f(.) with domain D is convex if: &,{- An CW‘{ﬁ)
floax + (1 —a)y) SM— a)f(y), VLx,yeD, (3)
_ —] L 3 9
where‘a € [0, 1]. \ ,K

LAY

L@ ’ /7;@(3)
A+ (1))

y— ,rf,

W\\Kﬂ\\/ x'. aa:+(1—(;)y y- > :

]

X 3

If > is changed to < in Eq. (3), the function is concave.
el

e SN A e
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Convex function

Definition (Convex function)

If the function f(.) is differentiable, it is convex if:

f(x) > f(y) + VI(y) (x—y), vxy€D. (4)
<

{f’ F) + Vi) (@)
£y

If > is changed to < in Eq. (4), the function is concave.
——

S



Convex function

Definition (Convex function)

If the function f(.) is twice differentiable, it is convex if its second-order derivative is positive
— —

semi-definite:
_semizdefinit
V2f(x) = o,‘ Vx € D. 25 (5)

xr ar+(l—-a)y Y /\L\

If > is changed to < in Eq. (5), the function is concave.
———
e adl -
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Strongly convex function

Definition (Strongly convex function)
@ A differential function f(.) with domain D is u-strongly convex if:

‘f(x)>f(y)+Vf(y)T( Vx,y € D and p > 0. (6)

@ Moreover, if the function f(.) is twice differentiable, it is p-strongly convex if its
second-order derivative is positive semi-definite:

y " V2f(x)y > pllyl3, | Vx,y € D and p > 0. ©)

A—— .

@ A strongly convex function has a unique minimizer.

strongly convex convex (but not strongly convex)

31756



Lipschitz smoothness - FacD

Definition (Lipschitz smoothness)

A function f(.) is Lipschitz smooth (or Lipschitz continuous) if:

1£(a) )\
15 ol

SL &lf-fyl<tix—yl2 ¥xyeD. ®)

L is called the Lipschitz constant.

A function

ith Lipschitz smoothness (with Lipschitz constant L) is called L-smooth. [\
V.

Lipschltz!moothness is used in many convergence and correctness proofs for optimization.

i

%
net L-smeoth
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Local and global minimizers

Definition (Local minimizer)

A point x € D is a local minimizer of function f(.) if and only if:

[
de>0:Vy €D, |y —x[l2 < e = f(x) < f(y), (9)
L——J L— L 1 L )
meaning that in an e-neighborhood of x, the value of function is minimum at x.
v
Definition (Global minimizer)
A point x € D is a global minimizer of function f(.) if and only if:
: —
f(x) < f(y), VyeD. 10
) <), VyeD, (10) |

local local global saddle global

minimizer maximizer and strict point  (but not strict)
minimizer maximizer
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Minimizer in convex function

Lemma (Minimizer in convex function)

In a convex function, any local minimizer is a global minimizer. In other words, in a convex
function, there exists only one local minimum value which is the global minimum value.

Proof.

Proof can be found in the appendix of the tutorial [4]. Please ask me if you have question about
it. The proof will not be evaluated in the exam, so please try to understand it rather than
memorizing it. O

v

As an imagination, a convex function is like a multi-dimensional bowl with only one minimum
value (it may have several local minimizers but with the same minimum values).

strongly convex convex (but not strongly convex) W

2566
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Minimizer in convex function

Lemma (Gradient of a convex function at the minimizer point)

When the function f(.) is convex and differentiable, a point x* is a minimizer if and only if:
= ——— — e

Proof.

Proof can be found in the appendix of the tutorial [4]. Please ask me if you have question about

it. The proof will not be evaluated in the exam, so please try to understand it rather than
memorizing it.

O

v

strongly convex convex (but not strongly convex)
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Stationary, extremum, and saddle points \/U m

Definition (Stationary, extremum, and saddle points)

@ Ina ieneral inot-necessarily-convex) function f(.), a point x* is a stationary if and only if

@ By passing through a saddle point, the sign of the second derivative flips to the opposite
sign.

@ Minimizer and maximizer points (locally or globally) minimize and maximize the function,
—_— e — ——
respectively.

@ A saddle point is neither minimizer nor maximizer, although the gradient at a saddle
—_—— —_— —_— S —
point Is zero.

@ Both minimizer and maximizer are also called the extremum points.
minimizer maximize AL |y

@ A stationary point can be either a minimizer, a maximizer, or a saddle point of function.
v

local local global saddle global
minimizer maximizer and strict point  (but not strict)
minimizer maximizer
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First-order optimality condition

Lemma (First-order optimality condition [5, Theorem 1.2.1])

If x* is a local minimizer for a differentiable function f(.), then:
MU IPAAL,

VF(x*) =0. (11)

Note that if f(.) is convex, this equation is a necessary and sufficient condition for a minimizer.
v

Proof.

Proof can be found in the appendix of the tutorial [4]. Please ask me if you have question about
it. The proof will not be evaluated in the exam, so please try to understand it rather than

memorizing it. O
v

Note

If setting the derivative to zero, Vf(x*) = 0, gives a closed-form solution for x*, the
optimization is done. Otherwise, we should start with some random initialized solution and
iteratively update it using the gradient. We will learn first-order and second-order iterative
optimization methods for that.
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Arguments of optimization

Definition (Arguments of minimization and maximization)
In the domain of function, the point which minimizes (resp. maximizes) the function f(.) is the
argument for the minimization (resp. maximization) of function.

The minimizer and maximizer of function are denoted by h\"h ,ﬁ-m‘)
7~

arg min f(x), and . 'e
X Mmin )
) pYy

arg max f(x),
X

respectively.
v

)

S = (o z = Y f( =1
A =(x-1) 33 = on in 2)
Q min fon=2
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Converting optimization problems

Converting max to min and vice versa
We can convert convert maximization to minimization and vice versa:
maximize f(x)=— minimize (=f(x)),
minimize f(x)=— maximize (=f(x)).
We can have similar conversions for the arguments of maximization and minimization but as the

sign of optimal value of function is not important in argument, we do not have the negative sign
before maximization and minimization:

arg max f(x) = arg min (=f(x)),

arg min f(x) = arg max (—f(x)).

'gfz)

£

k34
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Converting optimization problems

Converting max to min and vice versa

We can convert convert maximization to minimization and vice versa using the reciprocal of cost

function: l
- s~ 1
maximize f(x) = %, —_—
x 5o q A
) Mm\h;"-be- o
minimize f(x) = maxaike ——. t
x x f(x) —— 1

M\'-\&
PAAKS )
We can have similar conversions for the arguments of maximization and m|n|m|zat|on'

1
arg max f(x) = arg mxin %,

arg m|n f(x) = argmax ——
X

1
F(x)

Pl

4 =5
-#(7!): 702 £
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Preliminaries on Derivatives
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Dimensionality of derivative

@ Consider a function f : R% — R%, f: x s f(x).

@ Derivative of function f(x) € R% with respect to (w.r.t.) x € R% has dimensionality
(d1 X d2). —

@ This is because tweaking every element of x € R% can change every element of
f(x) e R?%. The (7,/)-th element of the (di X d»)-dimensional derivative states the
amount of change in the j-th element of f(x) resulted by changing the i-th element of x.

Examples . ® @J%Q Vs

@ The derivative of a scalar w.r.t. a scair is a scalar. _E, (M{M
The derivative of a scalar w.r.t. a vector is a vector.
The derivative of a scalar w.r.t. a matrix is a matrix.

o

o

@ The derivative of a vector w.r.t. a vector is a matrix.

@ The derivative of a vector w.r.t. a matrix is a rank-3 tensor.
()

The derivative of a matrix w.r.t. a matrix is a rank-4 tensor.

L\ o
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Dimensionality of derivative

In more details:

@ If the function is f : R — R, f : x — f(x), the derivative (0f(x)/0x) € R is a scalar
because changing the scalar x can change the scalar f(x).

@ If the function is f : RY — R, f : x — f(x), the derivative (8f(x)/dx) € R? is a vector
because changing every element of the vector x can change the scalar f(x).

@ If the function is f : RAX% — R, f: X — f(X), the derivative (9f(X)/0X) € R X% js
a matrix because changing every element of the matrix X can change the scalar f(X).

@ If the function is f : R — R% f : x = f(x), the derivative (9f(x)/9x) € RN*X% s 3
matrix because changing every element of the vector x can change every element of the
vector f(x).

@ If the function is f : RAX% — R%B £ : X — f(X), the derivative (9f(X)/0X) is a
(di x do X d3)-dimensional tensor because changing every element of the matrix X can
change every element of the vector f(X).

@ If the function is f : RAX% — R%BXd . X s f(X), the derivative (9f(X)/0X) is a
(di X d2 X d3 x ds)-dimensional tensor because changing every element of the matrix X
can change every element of the matrix f(X).
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Gradient, Jacobian, and Hessian

Definition (Gradient)

Consider a function f :f : x — f(x). In optimizing the function f, the derivative of
function w.r.t. its variable x alled the gradient, denoted by:
P E——

Definition (Hessian)

Consider a function f : RY — R, f : x > f(x). The second derivative of function w. r t. to its
derivative is called the Hessian matrix, de d by: (

‘Afmi

- e
The Hessian matrix is symmetric. If the function is convex, its Hessian matrix is positive

L S—T———— ————— —_—
semi-definite.

Y

v
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Gradient, Jacobian, and Hessian

Definition (Jacobian)

If the function is multi-dimensional, i.e., f f : x — f(x), the gradient becomes a
matrix:

of
Ox1
=[2 L 2T-
a Bxl"”78xd1 B 6-f
i
Oxqy
where x = [x1,...,xq]" and f(x) =[A,..., f3]".

This matrix derivative is called thd Jacoblan matri)

Ofy,
Oxgy

Ofy,
Oxqy

dy X d;
€ Ra79%2,
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Technique for calculating derivative ><

According to the size of derivative, we can easily calculate the derivatives. For finding the
correct derivative for multiplications of matrices (or vectors), one can temporarily assume some
dimensionality for every matrix and find the correct dimensionality of matrices in the derivative.

Example

Let X € R2%P, An example for calculating derivative is:
) r/\
R¥*b 5 ﬁ( r(AXB)) = ATBT = (BA)". (12)

This is calculated as explained in the following.

@ We assume A € R€%2 and B € RP*¢ so that we can have the matrix multiplication AXB
and its size is AXB € R*¢ because the argument of trace should be a square matrix.

@ The derivative d(tr(AXB))/0X has size R?%? because tr(AX B) is a scalar and X is
(a x b)-dimensional.

@ We know that the derivative should be a kind of multiplication of A and B because

tr(AXB) is linear w.r.t. X.

@ Now, we should find their order in multiplication. Based on the assumed sizes of A and B,

we see that AT B is the desired size and these matrices can be multiplied to each other.
v
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Derivative of matrix w.r.t. matrix X

Definition (Kronecker product)
Let A€ R™X" and B € R™*", and aj; denote the (i,)-th element of A. The Kronecker

product of these two matrices is:

anB ... ain, B
R(Mamp)X(nanp) 5 A @ B = g

am,a1B ... am,n,B

Lemma (Derivative of matrix w.r.t. matrix)

The derivative of a matrix w.r.t. another matrix is a tensor. Working with tensors is difficult;
hence, we can use Kronecker product for representing tensor as matrix. This is the
Magnus-Neudecker convention [6] in which all matrices are vectorized. For example, if

X € R3Xb A c R°%2 and B € RPX9 we have:

R(cd)*(ab) 5 aix(AXB) =B QA, (13)

where ® denotes the Kronecker product.
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Chain rule

@ When having composite functions (i.e., function of function), we use chain rule for

derivative. Example:
g(x)—x +x% — x+10,

VX3 +x2 — x+10 = \/g(x),
Je(x) 1 3x24+2x—1
= —— — x(3x*+2x—1)=
2/g(x) ( ) 2Vx3 +x2 —x+10

@ The chain rule in matrix derivatives is usually stated right to left in matrix multiplications
while transpose is used for matrices in multiplication.

@ Let denote vectorization of amatrix to a

Let ve‘ ) be de-vectorization of a R?? vector to a R?*b matrix.

ryips {0

f(x) =

7 6
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Chain rule ><

Example

M

f(S) = tr(ASB), S = CMD, M = SR
Mm%

where A € R°%2, § ¢ R?Xb, B ¢ RbX¢, C € R2X94, M € R¥%¢, D € RI%b, and M € R4,

9f(S) ( (12)
Raxb BA T
> s — (BA.

rooxed 5 95 W pr g ¢

oM
Rdzde 5 oM (a)

2 (IM||21 2 —2M @ M) =

— MM
oM ||M||4 ® M),

L, 2
-2
Ml IM]%

where (a) is because of the formula for the derivative of fraction and I ;2 is a
(d? x d?)-dimensional identity matrix. finally, by chain rule, we have:

of _ OM.T,0S .t ,Of(S)
Rdxd 1
M dxd((aM) (3ﬁ) vec(5s ))'
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Optimization Problems
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General optimization problem

Consider the function f : RY = R, f : x = f(x). Let the domain of function be D where
x €D, x €RY.
———

Definition (Unconstrained optimization)

Unconstrained minimization of a cost function f(.):

‘ minimize  f(x), !
X

where x is called the optimization variable and the function f(.) is called the objective function
or the cost function.

v
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General optimization problem i) €€ = Y-c <
~—"

i
)
Constrained optimization problem where we want to mipfmize the function f(x) while satisfying
e
'my inequality constraints and my equality constraint:
1 q Yy 2 €q y h (ﬂ) - C
l 2

minimize  f(x) _Z’L )‘
l —f (A)—C=ro
subject to  y;(x) S(jie {1,...,m}, ‘/\W

hi(x) =0, i €{1,...,m}. 9 () =@

Definition (Constrained optimization)

f(x) is the objective function, every y;(x) < 0 is an inequality constraint, and every hj(x) =0
is an equality constraint.

v
Note
If some of the inequality constraints are not in the form y;(x) < 0, we can restate them as:
Therefore, all inequality constraints can be written in the form y;(x) < 0.
.
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General optimization problem

Example:
minimize  x; + 3x2
X
subject to  2x3 — 10xp < 5,
—2x1 +5x2 > 3,
4x; + 10xp = 6.

can be converted to:

minimize  x3 + 3x22
X

subject to 2x; —10xp — 5 <0,
2x; —5x +3<0,
4x; + 10xp — 6 = 0.
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Minimization and maximization

If the optimization problem is a maximization problem rather than minimization, we can
convert it to maximization by multiplying its objective function to —1:

maximize  f(x)
X
subject to constraints

can be converted to:

minimize — f(x)
X

subject to constraints

'flz)

A ——ﬁ(vt)

30
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Feasible point
Definition (Feasible point)

The point x for the optimization problem:

A
minixmize f(x)
[subject to yi(x)<0,ie{l,...,m}, AcD
. A
hi =0,ie{l,..., 5
(x) ie{ m} A & Loy50)

is feasible if: //_H
e - AP

yi(x) <0, Vie{l,...,m}, and
hi(x) =0, Vie{l,...,m}.

Preliminaries 56 / 66



Constrained optimization with the feasible set

Definition (Constrained optimization)

The constrained optimization problem can also be stated as:

minimize  f(x)
X
subject to  x

where S is the feasible set of constraints
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Convex optimization U r‘*\ / Hx]

A convex optimization problem is of the formg# 2 0 ot
L &°
minimize
x «%\); A
subject to @ 0, ie{l,...,m}, .
!AP(JO = At =o
where the functions f(.) and y;(.), Vi are all convex functions and the equality constraints are
affine functions. — ‘@
ZTne Tunctions )
The feasible set of a convex problem is a convex set.
K

—g(z\} = XA +_/§
v
Whrhe
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Linear programming

A problem is of the form:

A
minimize
X
subject to 4¥
(= b+

where the objective function and equality constraints are affine functions.

k

The feasible set of a linear programming problem is a a polyhedron set while the cost is planar
——

(affine). ﬁ()\]
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2y
N
>

Quadratic programming A @,[7»

A quadratic programming problem is of the form:
— e —————

minimize
X

subject_te

(1/2)x"Px+q x+r

(14)

<

where[ P > 0 [which is the second derivative of objective function) is a symmetric positive
definit€matrix,fhe objective function is quadratic, and equality constraints are affine functions.
deninite matr _quadrat
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Quadratically constrained quadratic programming

A Quadratically Constrained Quadratic Programming (QCQP) problem is of the form:

minimize
X

subject to

(15)

(1/2)x " Mix +s x+z <0,]i e {1,...,m},

where P, M; > 0,Vi, the objective function and the inequality constraints are quadratic, and
equality constraints are affine functions.

The feasible set of a QCQP problem is intersection of m; ellipsoids and an affine set, while the
cost is curvy (quadratic).

Ay 2

—Feasible set

Preliminaries 61 /66



Semidefinite programming (2K

A Semidefinite Programming (SDP) problem is of the form:

- mi@ ize -
‘N‘kmk subject to 3\})(

r"i WVR\M /[tr(D X)<e;, ie{l,...,m},

Ze tr(A;X) = b;, ,6{1,...,m2},

(16)

where the optimization variable X belongs to the positive semidefinite cone Si, tr(.) denotes

the trace of matrix, C, D;, A; € S, Vi, and S? denotes the cone of (d x d) symmetric matrices.
The trace terms may be written in summation forms. Note that tr(C ' X) is the inner product of
two matrices C and X and if the matrix C is symmetric, this inner product is equal to tr(CX).

Another form for SDP is:
minimize @
X

subject to (17)

where x = [x1,...,x4] T, G,F; €S9,Vi, and A, b, and c are constant matrices/vectors.
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Semidefinite programming
A Semidefinite Progra ing (SDP) problem is of the form:

mini)?nize tr(CX)

subjectto X >0,
tr(D,-X) <e, i€ {1,...,m1},
tr(A,-X):b,-, iE{l,...,mQ}.

(18)
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Optimization Toolboxes

@ All the standard optimization forms can be restated as SDP because their constraints can
be written as belonging to some cones; hence, they are special cases of SDP.
e - -

@ The interior-point method, or the barrier method can be used for solving various
optimization problems including SDP [7, 3]. We will learn this method in this course.

@ Optimization toolboxes such as CVX [8] often use interior-point method for solving
optimization problems such as SDP.

@ The interior-point method is iterative and solving SDP is usually time consuming
. . —_— —_—
especially for large matrices.

@ If the optimization problem is a convex optimization problem (e.g. SDP is a convex
problem), it has only one local oEtlmum which is the global optimum.

N
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