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Matrices in linear programming

Consider n variables and m constraints (excluding the constraints for x1,...,x, > 0).
: . i s
After having slack variables, we can have:

ﬂ'
maximize c= x1+-~~—H:9xn @

subject to A\x1

ce 4 ainXn by,
a21x1 + -+ - + a2nxq A b2,

am1x1 + -+ amnX bm,

x1,...,x,,20.l T “—"H'\ m}mh’}'

Sensitivity Analysis in Linear Programming 3/37



Matrices in linear programming

Example:
aximize
SEZES

subject to

It is converted to:
maximize

subject to

Sensitivity Analysis in Linear Programming

¢ = 60x; + 30x2 + 20x3

8x1 + 6x2 + x3 < 48,
4x1 4+ 2x2 4+ 1.5x3 < 20,
2x1 + 1.5x2 4+ 0.5x3 < 8,
X1,X2,x3 > 0.

c = 60x; + 30x2 + 20x3

8x1 + 6x2 + x3 +(51) = 48,
4x1 + 2xp + 1.5x3 +@: 20,
2x1 + 1.5x + 0.5x3 +@: 8,
1, X2, X3, 51,52,53 = 0-J

ks
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Matrices in linear programming
e, < =@ @ +@o
subject to @q —tOX3 -'051 =48,

B B

X1,X2,X3,51752,S3 20

Assume we solve it until the end and at the end, the@asic variables are s1, x3, x1|\ and the
non-basic variables ard —
,non-basic variables are

@ basic and non-basic variables: he

3= [51, x3, X1]T7(;:§2= [x2, 52, 55] "

@ the coefficients of basic and non-basic Jariables in the jobjective function:

. T . T
_,‘[07 20,60]',, €0 := [30,0,0]',

@ the coefficients of the variables in the constraints:

' - =J6.2,1.5]" [1,1.5,0.5] T,
k_/——’

as :=[1,0,0] ), a, : [0,1,01T [o 0,1]7,
= [48,20,8]"
L5
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Matrices in linear programming %1% CR ﬂg—vé
maximize c =(60x; +( j(;xz @x3 /I
©
subject to x1 +6x2 + x3 + 51 = e ’}
4 4+ 2x0 + 1.5x3 + s

x1 + 1.5x2 4+ 0.5x3 + s3
X1, X2, X3,51,52,53 > 0.

@ basic and non-basic variables: \L %[ |3‘LL, lo L

LUy

xp = [51,x3,x1] |, xn := [x2, 52, 53] | o
L1 r—J b=

@ the coefficients of the variables in the constraints:

@1 = [8747 2] yaxy = [6,2,]..5]T7
as, :=[1,0,0] ) as, :=[0,1,0]", a5, :=[0,0,1] "

@ the matrices of coeff cients of th iables in the constraints, for basic and non-basic
variables: lB c R® / N e I"

0
-esé B) oo [
Sty A%
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Matrices in linear programming

T T
x, RHS X
[ *n 8 %n e SN
G5 Sy 5 % g | RHS

{ A -t
| =B R 8
%g 5- Ba

o
falp e,
ko)
,[\-i oy
Li
AN

-2 -8
—2 2 —4|—-1[30,0,0]
L

5/4 —1/2 3/2

CZ@ ¢ =[0,20,60]
§ ) T
c/B'B-c]

24
cj B™1b=10,20,60] | 8
2
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Cases for Sensitivity Analysis
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Cases for sensitivity analysis

@ Sensitivity analysis analyzes how much effect some change in something has on the
optimization.

@ We can have different cases of change in linear programming:

@ change in coefficient of a variable (basic or nonbasic) in the objective function
——— — —

*@ change for nonbasic variable RN C\)'

* 1-2: change for basic variable

@ change in coefficient of a variable (basic or nonbasic) in thel constraint(s) \

* 2-1: change for nonbasic variable \)
* 2-2: change for basic variable ax
© adding a new variable to optimization ’J

@ adding a new constraint to optimization

Note: we can have a combination of changes, too!
SO OF S1aness,

Sensitivity Analysis in Linear Programming

10/37



Case 1-1 of Change
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Case 1-1 for sensitivity analysis

* Change in coefficient of a nonbasic variable in the objective function.

Example: The company has profitsﬁo, @, and $20 for the first, second, and third products.
The resources for these products have the following restrictions: 8x] + 6x2 + x3 < $48,

4x1 4+ 2x0 + 1.5x3 < $20, and 2x; + 1.5x + 0.5x3 < $8.

> S
Ammze, €= 000 (30 1200 N 26

subject to 8x1 + 6x2 + x3 + 51 = 48,
4x1 + 2xp + 1.5x3 4+ sp = 20,
2x1 4+ 1.5x2 4+ 0.5x3 + s3 = 8,

X1, X2, X3, 51, 52,53 > 0.

he company is able to increase the profit of the secondproduct@to (a) $32 and (b) $36.
Do you recommend this change to the manager?
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Case 1-1 for sensitivity analysis

* Change in coefficient of a nonbasic variable in the objective function.
T T

{ % Kg | rHS

R "b
.=BB=I| B

Baj=BR=T) 2 = v

( g}c’_{s"L

\H

I
xp = [s1,x3,x1] |, Xn 1= @52,53]T,cb :=1[0,20,60]", €, := [30,0,0]T. ‘y

L =L

X2 is a nonbasic variable. We have change in in ¢, so:
A
¥ Z [02060] —(30+5):35—30—5:5—5
!
ouan £ @ty h B /} W)
For not having change in optimization:
ving ge |l ptimizati (R’)\ﬂ"" P‘;ww\

.:> Cxynew = 30 + & < 35.
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Case 1-1 for sensitivity analysis
@ For not having change in optimization: 5—§ >0 :>‘:> Cxp,new = 30+ 6 < 35.

. . . . . S—
@ Therefore, if profit of x» |§ $35, we do not recommend it as it does not change the
previous optimal solution for production of the company.

@ |If profit of x i § > $35, we should continue the optimization:

@ S, Sz St %3 A KA wih ‘1411('
2 -5 [ e 2 lzx -

% £

St
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Case 1-2 of Change
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Case 1-2 for sensitivity analysis

* Change in coefficient of a basic variable in the objective function.

Example: The company has profits $60, $30, and $20 for the first, second, and third products.
The resources for these products have the following restrictions: 8x; + 6x» + x3 < $48,
4x1 4+ 2x0 + 1.5x3 < $20, and 2x; + 1.5x + 0.5x3 < $8.

maximize c =(60Qx; + 30x> + 20x3
X1,%X2,%3,51,52,53
subject to 8x1 + 6x2 + x3 + 51 = 48,
4x1 + 2xp + 1.5x3 4+ sp = 20,
2x1 4+ 1.5x0 4+ 0.5x3 + s3 = 8,

X1, X2, X3, 51, 52,53 > 0.

The company is decreasing the profit of the first product, x1, to (a) $58 and (b) $30 Do you
recommend this change to the manager?
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Case 1-2 for sensitivity analysis
T T

xp = [s1,x3,x1] ", Xn 1= e, s2,83] ', € :=1[0,20,60] ", €, := [30,0,0] .

x1 is a basic variable. We have change in ¢, in ¢ so:

-8
[0, 20‘ 4| —0,0.0]

(-——/_;EA——] 5/4 —1/2 3/2

=[5+ 1.254,10 — 0.54, 10 + 1.54]
[,L’———l e—

For not having change in optimifyti)n: / /

@10—0.5520 =|6<20,| 10+1.55>0 =[5

— —4<§<20,6r =60+05 —> 56 < cx, < 80.
L —— ) L -

(Y
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Case 1-2 for sensitivity analysis

@ For not having change in optimization: 56 < cx; < 80.
@ Therefore, if profit of x; decreases to $58 € [56, 80], this decrease does not change the
overall profit and it can be recommended.

@ |If profit of x; is decreased t $56, we should continue the optimization:

2 -8
/BN ¢ =0, 20. s 4 — 30,0, 0] = [~32.5, 25, —35],
1.4 5/4 —1/2 3/2 -

x @B_lb: [0, 20, 30] rﬂ

I X '7(?; RHS min Jegd :
A VoA -t —
&% N (Bq.=BB=I|B

7(8 J a 77/;/:»%
o -1 T T To-t
c CL(%aJ-S 0 CLSL
T
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Case 1-2 for sensitivity analysis ST

Intn ‘lfdi H

all nmngaf‘l\'f'- WT""% l{go

So, changing profit of x; to $30 decreases the total profit to $272 from $280.
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Case 2-1 of Change
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Case 2-1 for sensitivity analysis

/0\5

* change in coefficient of a nonbasic variable in the constraint(s).

Example: The company has profits $60, $30, and $20 for the first, second, and third products.
The resources for these products have the following restrictions: 8x; + 6x2 + x3 < $48,

4x1 + 2x0 + 1.5x3 < $20, and 2x; + 1.5x0 + 0.5x3 < $8. >
/7190

maximize ¢ = 60x @xz + 20x3 3\

X1,X2,X3,51,52,53 o\\)

subject to 8x1 4—@@ + X3+ 51 = 48,
4x1 4 2x3 + 1.5x3 + 55 = 20, . Le fore
X1,X2,X3,51,52,53 > 0.

The company is changing the resources for x2 as-3 @ + x3 < $48,
4x1 4 2xp + 1.5x3 < $20, and 9 $8) Also, the company is changing the profit
of that product -@ What is your recommendation Yo the manager?

Cymh%;h?m & chimyes G
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Case 2-1 for sensitivity analysis

[ %y RHS
0 A R _)6
8 N .=BR=L| B
% aJ_B Bo\J
T o1 T T T
Cyod D¢ q,&‘j’ﬁ' ‘,v__no‘ T}CLEL
Aol CGEB-G
N

1 2 =81 )
“lag, —cx, =[0,20,60] [0 2 —a4| 2] {50=10>0.
‘A~~~ [0 -05 15| (&) =
= Rq
T
It does not change the optimal solution so it does not‘schange the total profit.
If that would become negative, we should have continued the table!
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Case 2-2 of Change
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Case 2-2 for sensitivity analysis

& (’—,(- Laai,

)
* change in coefficient of a basic variable in the constraint(s). — \)) ()\'\ @)

Example: The company has profits $60, $30, and $20 for the first, second, and third products.
The resources for these products have the following restrictions: 8x; + 6x» + x3 < $48,
4x1 + 2x0 + 1.5x3 < $20, and 2x; 4+ 1.5x2 + 0.5x3 < $8.

maximize c = 60x; 4+ 30x2 + 20x3
X1,X2,X3,51,52,53  _
subject to 1 + 6x2 + x3 + 51 = 48,
(4)1 + 2%, + 1.5x3 + 5, = 20,
@ 1+ 1.5x + 0.5x3 + s3 = 8,
X1,X2,X3,51,5,53 > 0.

The company is changing the resources for x1 a@q +6x2 +x3 < $48,@x1 +2x2 + 1.5x3 < $20,
an@q + 1.5x; + 0.5x3 < $8. What is your recommendation to the manager?
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Case 2-2 for sensitivity analysis

Xp 1= [517X3 X Taxn = [X2752753]T7Cb = [0720760]T7c" = [30707 0]—r

1 1
Previous B was: B= (0 1.5
0 05
X1 is a basic variable. We have change iin B, so:
1 1 5 30
K c/B'N-c] =1[0,20,60 |0 15(5 2l - 1|0
L J [0 05 4 0
We compute it. If any of the val becomes negative, we should continue the table; otherwise,

the total profit does not change.
- 5
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Case 3 of Change
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s . C_CSOA\-}- IOAM+ 204
Case 3 for sensitivity analysis (1. BALx ket Ay £l =4S

< Oy € 2R H. I3 S2 =20
M 2Ly, +o,§7.3+_(3=£_ s
% adding a new variable_to optimization. SIM + $h - Dok 4 =

MAAerNy; (LTl e
Example: The company has profits $60, $30, and $20 for the first, second, and third products.
The resources for these products have the following restrictions: 8x; + 6x2 + x3 < $48,
4x1 + 2xp + 1.5x3 < $20, and 2x; + 1.5x; + 0.5x3 < $8.

K %é‘- e
maximize ¢ = 60x; + 30x2 + 20x3 Lg
X1,X2,X3,51,52,53 . - % °
- subject to 8x1 + 6x2 + x3 + 51 = 48, ):X

(N
4x1 4 2% + 1.5x3 + 55 = 20, ®@7\J
2x1 + 1.5x2 + 0.5x3 + s3 = 8,

« N

L~ ]
The company is adding a EvLm@/vith profit (ar (b and the constraint

coefficients a = [1,1,1]T. What is your *écommendation to the manager?
—_—
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Case 3 for sensitivity analysis

‘ o % RHS
P B N -t
G-% N [Bq.=BB=L 8
% |°J i
=
b
.

Xp 1= [517X3»Xl]T7 Xn 1= [X27 S2, 53]T7 Chp = [07 20, 60]T7 Cn = [307 0, o]T
X4 is a nonbasic variable. We calculate its value in the Larst row of the table (

if cx, = 15):
T ~ & o W N

<i
—~——T1 2 8
cZB—l—@: [0,20,60] [0 2 —4 @: 5>0.
“—— 0 —05 15 % ’\

It does not change the optimal solution so it does not change the/total profit.
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Case 3 for sensitivity analysis

i %y RHS
A - -\
56 % N (Bq-Er<I|8 P
g | J
Tl & T Tt
c Cbﬁﬁ 6 O‘ T}CLBL
= TE%-4

xp = [s1,x3,x1] ", Xn := [x2, 52, 83] ", €p := [0,20,60] ", €, := [30,0,0] .

X4 is a nonbasic variable. We calculate its value in the last row of the table (if cx, = 25):
T4 15 a Nonpable varae

1 2 =8| |1

C;I—B_lax4 — Cxq = [0720,60] 0 2 —4 1 @:\—-5/< 0.
0 —-05 15( |1

We should continue the table.
continue the tab'e. |
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Case 3 for sensitivity analysis

RH,( h;hlﬂ—)

.

¢ —

2 H=1

L /5280

EHS

3w D S]H
Iz 2af=12
2 ;>9x:_=2
290 = cf=290

all nanﬂfja@\"

So, the optimum objective function has increased and this addition of variable in beneficial.
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Case 4 of Change
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Case 4 for sensitivity analysis

. - S A 57
* adding @ new constraint)to optimization. \Z

Y]
¥ 1\"’
This can result in three sub-cases: ﬁ\{' v J »
—_—_
@ 4-1: The current optimal solution satisfies the new constraint. G\k z

@ 4-2: The current optimal solution doesn’t satisfy the new constraint but |inear
programming still has a feasible solution.

@ 4-3: The current optimal solution doesn’t satisfy the new constraint and linear
programming doesn’t have a feasible solution.
20E5n T have a Teasihe sottion

*

A

' \
| l
(i P Ieme () WoT2 & «ﬁ[ %)

>
Al

Question: Can adding a constraint improve the optimum value of objective function?

C*
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Case 4-1 for sensitivity analysis

Example: The company has profits $60 $30, and $20 for the first, second, and third products.
The resources for these products have thé_ToIIowmg restrictions: 8x; + 6x0 + x3 < $48,
4x1 4 2x0 4+ 1.5x3 < $20, and 2x; 4+ 1.5x + 0.5x3 < $8.

maximize c = 60x; + 30x2 + 20x3
X1 ,X2,X3,51,52,53
subject to 8x1 + 6x2 + x3 + 51 = 48,
4x1 + 2x2 + 1.5x3 4+ sp = 20,
2x1 + 1.5xp + 0.5x3 + s3 = 8,
X1, X2,X3,51,52,53 > 0.

o2
We saw in the table (seelide 8i)that the solution is: x{" = 2,x3 = 0,x3 = 8

The company is adding a new resource_constraint:

X1+ x0 +x3 <11,

It satisfies the current solution:
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Case 4-2 for sensitivity analysis e

. . . / \
We saw in the table (see slide 8) that the solution is: x; = 2,x} = 0,x] = 8.
The company is adding a new resource constraint:

solution: 0 % 1.
The new constraint: ?‘\'vaf\; SA— A ‘+'A3>/\

M T Sl

It doesn't satisfy the current

K
ottty A0S 85
| . S
Note: we have used the dual simplex method above.
oo Snber e
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Case 4-3 for sensitivity analysis

We saw in the table (see slide 8) that the solution is: x; = 2,x} = 0,x} = 8.

The company is adding a new resource constraint: x; + x» > 12. It doesn't satisfy the current
. 1 )
solution: 2 2 12.

The new constraint:

.|
x1+ x2 > 12 X:> —x1 —x2 < —-12 = 7X17X2712.
| I—

Note: we have used the dual simplex method above.
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Case 4-3 for sensitivity analysis

' A S [ BH

{'7\1 S 3 Sy M3 A ‘*[RHK

[ —Ye S ,
A no "%‘fa'

g -Lin A " oW .
53 T 3 e~ ey

ry“Y‘L ;'_
Yy 4, (1o o 60 o0 ©40 -40

Therefore, it does not have a feasible solution!
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https://www.youtube.com/watch?v=Wn45puC08DA&list=PLTrfnl2vPj4qMNHvLuu0tNJefmuHjZ-K3&index=16

