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Markov and Bayesian Networks

(4| 2)

@ A Probabilistic Graphical Model (PGM) is a grpah-based representation of a complex
distribution in the possibly high dimensional space [1].

@ In other words, PGM is a combination of _g_ra:p_h’___theory and probability theory.

@ In a PGM, the random variables are represented by nodes or vertices. There exist edges
between two variables which have |nteract|on with one another in terms of probabllltx
Different conditional probabilities can be represented by a PGM.

@ There exist two types of PGM which are Markov network (also called Markov random
field) and Bayesian network [1]. In the Markov network and Bayesian network, the edges

of graph are undirected and directed, respectively.
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The Markov Property

Consider a times_series of random variables X1, X5, ..., X,. In general, the joint
probability of these random variables can be written as:

P(X1,X2, ..., Xn) = P(X1)P(X2 | X1) P(X3 | X2, X1) .. . P(Xn | X1, ..., X2, X1), (1)
L0 I S~ R

according to chain (or multiplication) rule in probability.

(The first order) Markov property is an assumption which states that in a tifne series of

random variables X1, Xa, ..., X, every random variable is merel t jon the latest
previous_random variable and not the others. In other words:

(—— /1
P(Kif| Xi—1, Xi—2,. .., X2, X1) = P@\ Xi-1)- ()
- =
Hence, with Markov property, the chain rule is simplied to:
P(X1, X2,...,Xn) =P(X1) P(X2 | X1) P(X3 | X2) ... P(Xp | Xn—1). 3)

‘-

The Markov property can be of any order. For example, in a second order Markov
property, a random variable is dependent on the latest and one-to-latest variables.
Usually, the default Markov property is of order one.

A stochastiepreeess which has the Markov @ ‘955 is called a Markovian process (or
Markov process). P'rarm@
viarkov proces?
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Discrete Time Markov Chain

A Markov chain is a PGM which has Markov property.

—_—

—_— —_—————
The Markov chain can be either directed or undirected.
-

It is important not to confuse Markov chain with Markov network.
AT ROV Tetwor

e e
There are two types of Markov Chain which are Discrete Time Markov Chain (DTMC!
[2] and Continuous Time Markov Chain (CTMC) [3]. As it is obvious from their names,
in DTMT and CTMC, the time of transitions from a random variable to another one is
and is not partitioned into discrete slots, respectively.

o
(]
) Usuamain is a Bayesian network where the edges are directed.
(]
(]

@ |If the variables in a DTMC are considered as states, the DTMC can be viewed as a

Finite-State_Machine FSM) or a Finite-State Automaton (FSA) [4].
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Hidden Markov Model (HMM)

@ HMM is a DTMC which contains a sequence of hidden variables (named states) in

addition to a sequence of emitted observation symbols (outputs).

S9
_— ——
/:%mmM)ﬁeﬁwmwm

B

3

x

=
S~— —
09

@ We have an observation sequence of length 7 which is the number ofﬁ@_timhes,
te{l,...,7}. Let n and m denote the number of states and observation symbols,

respectively.

\l#
L4
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Hidden Markov Model (HMM)

@ We show the sets of states and possible observation symbols by S = {si,...,s,} and
O ={o1,...,0m}, respectively.

—\—I— . . .
@ We show being in state s; and in observation symbol o; at time t by s;(t) and o;(t),
. - 2 AT
respectively.

@ Let R"*" 3 A = [a; ;] be the state Transition Probability Matrix (TPM), where:
~——

~ X
ajj = P(Sj(t+1)|5,(t)) (4)
@ We have:
(5)
@ The Emission Probability Matrix (EPM) is denoted by as R"*™ 5 B = [b; ;] where:
-_— | S e
I /\
—>  bij=P(oi(t) [si(t)), (6)
-
which is the probability of emission of the observation symbols from the states.
@ We have:
)
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Hidden Markov Model (HMM)

@ Let the initial state distribution be denoted by the vector R" 5 7 = [my, ..., 7] where:
HHa” SEate cIstribution -

T = P(S,‘(l)), (8)

and:

9

to satisfy the probability properties.

@ An HMM model is denoted by the tuple\\ = (7, A, B).
Aiviivi mode|

@ Assume that a sequence of states is generated by the HMM according to the TPM. We
denote this generated sequence of states by S8 := s8(1),...,s8(7) where s&(t) € S,Vt.
—_— p———

@ Likewise, a sequence of outputs (observations) is generated by the HMM according to
EPM. We denote this generated sequence of output symbols by Og = 08(1),...,08(7)
where 08(t) € O,Vt. =
C——
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Hidden Markov Model (HMM)

@ We denote the probability of transition from state s&(t) to s8(t + 1) by ase(s),se(¢41)- So:

: P(s8(t+1)| sg(t)ﬂ (10)

@ Note that s€(t) € S and s8(t+1) € S.
@ We also denote:

s (i) := P(s5(i))- (11)

@ Likewise, we denote the probability of state s&(t) emitting the observation o8(t) by
2 )
b, g(t) Og(t). SOZ

1 58 (t),
D)= P (1) 5£(1)). (12)

@ Note that s&(t) € S and 08(t) € O.
S9

sg@};aw(z).w(s) coe s (7-1),59(1) :gg(ﬂ;‘
/ .

ST Gen(1),50(2) —
o)

\

p bsa(1),00(1)
'\ -
baa(2)
< s b
5>

09
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Expectation
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Maximization in HMMJ
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Likelihood

85
As9(1),59 SN\ @s9(2),59 Qsa(r—1),59(r) /7
,,(1) (1),59(2) 0(2) (2),59(3) oo (7-1),59(7) fg(T),\“
s 3 o
3 ? 3
g s <
< <= é
(1)) (09(2) (o9()
09

@ According to the figure, the likelihood of occurrence of the state sequence S& and the

observation sequence OFf is [5]:

P(s8(1) IP’(next states | previous states

= Tee(1) Asg(1),58 (t+1) H bse (1), 08 (t)-
- =1

~

Hidden Markov Model

B(s8(t + 1) | s5(1)) [T B0 (8)| (1))
=1

(13)
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Likelihood

@ We found:
ol

K L=maq) [ as@seen [ bseo.ono
t=1 t=1

@ The log-likelihood is:

C\n AT
¥ £ =log(L) Z IOg(asg(t sg(t+l){(_)z log(b. sg(t ),08 t)) (14)

@ Let 1; be a vector with entry one at index i, i.e., 1; ;= [0,0,...,0,1,0...,0]T. Also,
sg(1)\means the vector with entry one at the index of the Tirst state in the sequence S&.
For example, if there are three possible states and a sequence of length three,
s8(1) =(2)s8(2) = 1,s8(3) = 3, we have 141 [0(90]T
l’_“x

@ The terms in this Tog-Tikefi are:
Iog e (1) = lT(l) Iog1'r (15)
HH f= (k)
ag —1),s8(t) — 3:,
A TSR (o

e
= log(ase(t—1),s2(1)) = 221 [11;[]log(ai,) = 1z(,_qy(log A)Leg(),  (16)
-
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Likelihood

@ Also:

buscoosto = [T T(bi) 101,

i=1j=1
N\
= IOg(bsg(t),og(t)) = ZZ 1; [ ] ]'J [/] IOg(b'J) - lsg(t (IOg B)log(t)v (17)
(_/—\) i=1 j=1 L_’\J
where 1;[i] = 1;[j] = 1.
@ Hence, we can write the log-likelihood:
T—1
FHL=logme) + Y _ log(ass(r) sg(t+1))+2|°g 56 (1), 08 (£) )
t=1 t=1
as:
X (=1)q)logm+ Z 15 (o 1)(log A)las(y) + Z 1 (1) (log B)1og(r). (18)

t=1 t=1

| (— t
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E-step in EM

@ We found:

T—1

Kor=1) |og7r+21$gt 1y (log A)Leg sy +21 (log B)1o(s)
t=1

@ The missing variables in the log-likelihood are 1gg(1), 1sg(;r—1), lsg(r), and log(y). The
expectation of the log-likelihood with respect to the missing variables is:

Q(w,A,B) :t]E/(ZlI
T—1

= E(l; 1) log ) + Z ( (log A)1,¢ t+1)) + ]E(ls (log B)log(t)). (19)
o loem) 2 Bl >y

L— - J
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@ We maximize the Q(r, A, B) with respect to the parameter an

maxiize /Q(m, A, B) —
1477 Al-7j 7)’)7) subject to Zﬂ',’ =1,
L=t
Za"’j:]" Vi€{17"'7n}7'
= —
n
D> obij=1, Vie{l,...n}

where the constraints ensure that the probabilities in the initial states, the transition
matrix, and the emission matrix add to one.

@ The Lagrangian [6] for this optimization problem is:

T7—1
L :( ( s&(1) |°€ )+ Z Iog A)lsé’(t+1))
+ ZE(I;(t)(log B)les(y)) @(Z i —1) *@Z ajj—1) *@Z bij —1), (21)
=1 i—1 J=1 j=1

where 11, m2, and 13 are the Lagrange multipliers.
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M-step in EM

@ We had:

‘/Tﬁ

L~
_“( L= E(l;(l) log ) + Z E(l;(t)(log A)].sg(t+1))
t=1

o n
+ Z]E(lsg () (108 B) oz () —m Z”l D -mQ ey~ = mQbij -
( i=1 j=1 j=1
\_—__/

@ The firsg term in the Lagrangian is simplified to ‘/_v_—/
E(Lyaf(Ulog ms + - + Legy)[r]logmr) = B(Lyeqo)[1]log my) + -+ + E(lsgm[r.
thérefore, we have: -

Lo me)

/
7r,- :(29(2:2,l i(IE(lsgu)[l])-i-"'-i-]E +"'+E(15g(1)[n]))
*“’* +@i_i{e —[n=1]
B m =E(1 s&(1) )}

5. ﬂ)“’pl @é«a«}'

oL
orn;

set

W (22)

1 .
0 =m = f]E(lsg(l)[l]).
m

(23)

(24)
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M-step in EM

@ We had: £ = E(lsg @ logm) 4+ > 71 IE(I £(t) IogA)ng(Hl)) +
S E(1 ey (log B)1og(r) — m(Z i — 1) = (30 e — 1) = m3 (307 bij — 1)
e

@ Similarly, we have:

sg(t) [’] lsg(t+1) D])

_ TZ:E sg(t@lsg t+1@ 7 a,J o — ajj =

0 (25)

n 1
1 . .
Do {YF D Bl Ll =

:z (Lol 5(0) -+ + BlLsioli (- + (111 {0)

snacgen. ([ () H elom,
T—1
- Z E(Lse 1) == |2 = 3= E(Lueo ). (26)
t=1

ST E(Le o [i] lsg(r+1)U]).
S E(Len i)

(27)

ajj =
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M-step in EM
® We had: £ =E(L})logm) + 375" E(1 ) (log A)las(e11)) +
o E(Lis (108 B)Los (o)) = m(3Sioy mi = 1) = m2(307 @y — 1) = m3(307 bij = 1)
- e

) |keW|se we have: o~

aL T 1< . .
=2 IE(lsé’(t@log(t)@ m3 bjj 0 bij == E(lye()li] Log(n)lil)-
'@ t=1 — B

[\_J (28)
1 T
=1 =1

= 23 (B(Lusolil % 0) + -+ + E(Lusgoli] XD+ + B(Lusli] x 0))
—_——— -

B = -
oo (h) dm‘l’

r

1 .
== > E(lelil) 5
mig—

= |m=>_ E(lsli]) (29)
=1
by = > E(Les(yli] 105(1‘)[/'])' (30)

22 =1 B(Lss (o) [1])
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Evaluation in HMM
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Evaluation in HMM

@ Evaluation in HMM means the following [7, 8]: Given the observation sequence

OF = 08(1),..., 0&(7) and the HMM model \ = (m, A, B), we want to compute
P(O#& | X), i.e., the probability of the generated observation sequence.

LOg,given: M) ={P(O¢ | \) =7)

@ Note that P(O# | \) can also be denoted by P(O%; X\). The P(O? | \) is sometimes
referred to as the likelihood. s

@ In summary:

(31)
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Direct Calculation

@ Assume that the state sequence S8 = s&8(1

.. 58(7) has caused the observation

sequence O8 = 08(1),...,08(T). Hence, we have:
l P(Of | S8, )) = W) Yy Wes s (2)) - - bss(r),08(r)-, F< (32)
g
@ On the other hand, the probability of the state sequence S8 = s8(1),...,s8(7) is:
< Aeo)rs¥(D W—
P(SEIN) = Tos(1) 2mppimgra) - - Atriegln) * (33)
L— L\/

@ According to chain rule, we have:

(0%, 55 | ) (B(05 | 55, 3) R(S5 | A) t,;(r e (34)
- 7
Tss (1) st (1),08 (1) 3ss (1), g5(2) - - bs(r) o8 (r) Btmpenien): (35)

which is the probability of occurrence of both the observation sequence O8 and state
sequence S8.

@ Any state sequence may have caused the observation sequence 8. Therefore, according
to the law of total probability, we have:

5051 3) o/ V%, 55 ) 2 3 (s 155, 0 Bis# | )
L —

vSe
Qg 4
(35) sIe)1 5]
@ > (e bsy.o6 1) 25 .ge ) bsgm,og(f)Wn)v; (36)
Vs&(T)

which means that-we start with the first state, then output the first observation, and then
utput the Tirst observation
go to the next state. This procedure is repeated until the last state. The summations are
over all possible states in the state sequence.
—

Hidden Markov Model 22 /56



Direct Calculation

@ We found:

KNSt 1)25%221
PO = D0 D0 D mas(u) bus(1).05(1) s ()¢5 (2) b (7).08(r) ZeARRRn)

Vs&(1) Vs&(2) Vs&(T)

@ The time complexity of this direct calculation of P(O#| \) is in the order of O(27n7)
because at every time clock t € {1,...,7}, there are n possible states to go through [7].

@ Because of n7, this is very inefficient especially for long sequences (large 7).
—_—

—
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The Forward-Backward Procedure

A more efficient algorithm for evaluation in HMM is forward-backward procedure [7].
The forward-backward procedure includes two stages, i.e., forward and backward belief

propagation stages.

The Forward Belief Propagation:

Similar to the belief propagation procedure, we define the forward message until time t as:

a; = g , g ey g ‘ R
(9= PE. ). FEEO =Y ). # (37)

which is the probability of partial observation sequence until time t and being in state s;
at time t.

Algorithm 2 shows the forward belief propagation from state one to the state 7.

1 Input: A = (7, A, B)

2 aj(1) = mibigery, Vie{l.....n}
3 for state j from 1to n do
4 Lfortimetfromlto 7—1)do

6,P(09|\) =

7 Return P(0¢
LS v
Algorithm 2: The forward helief propagation in

the forward-backward procedure
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The Forward-Backward Procedure

1 Input: \ = (7, A, B)

2 oi(1) = mibigory, Vi€{l,...,n}
3 for state j from 1 to n do

4 L for time t from 1 to (1 — 1) do

| a(t+1) = [0 ailt) aig] bjamesny

6 P(O9|N) =331 ai(7)
7 Return P(OY | \), Vi, Vt : a;(t)

5

Algorithm 2: The forward belief propagation in
the forward-backward procedure

@ In this algorithm, «;(t) is solved inductively. The initial forward message is:
Oél—(]‘) i,08(1); vie {13---7’7}7 (38)
_—

which is the probability of occurrence of the initial state s; and the observation symbol
0&(1).
oo\

@ The next forward messages are calculated as:

08 (t41) (39)

which is the probability of occurrence of observation sequence 08(1),..., 08(t) being in

state s; at time t, going to state j at time t + 1, and the observation symbol o8(t + 1).
@ The summation is because, at time t, the state s&(t) can be any state so we should use

the law of total probability.

—
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The Forward-Backward Procedure

1 Input: \ = (7, A, B)

2 o5(1) =i bjoory, Vie{l,...,n}
3 for state j from 1 to n. do

4 L for time t from 1 to (1 — 1) do

5

| st +1) = [T ailt) aig] bonen

T a0
7 Return P(O7]N), Vi, Vit : a;(t)

Algorithm 2: The forward belief propagation in
the forward-backward procedure

@ Finally, using the law of total probability, we have:

0
:]P(Ogvsg(f)ﬂlA Z(“'T (40)

which is the desired probability in the evaluation for HMM. Hence, the forward belief
propagation suffices for evaluation.
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The Forward-Backward Procedure

@ The Backward Belief Propagation:
@ Again similar to the belief propagation procedure, we define the backward message since

time 7 tot+1 as:
Bi(t) =P(of(t +1),05(t +2),...,05(7) [s8(t) = s}, 2), (41)
L— L N
which is the probability of partial observation sequence from t + 1 until the end time 7
given being in state s; at time t.
@ Algorithm 3 shows the backward belief propagation.
1 Input: \ = (. A. B
2 Bi(r)=1, Vie{l,...,n}

3 for state i from 1 to n do

4 Lforn’met rom (T — 1) to 1 do

s | [ Bilt) =201 a0 bjeri)
- - - - O
6 Return Vi, Vt : 3;(t)

Algorithm 3: The backward belief propagation
in the forward-backward procedure
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The Forward-Backward Procedure

1 Input: \ = (7w, A, B)

2 Bi(r)=1, Vie{l,...,n}

3 for state i from 1 to n do

4 for time t from (7 — 1) to 1 do
5 \\ \_ rB'L(t) = Z;L:] Q45 bjAog(tJrl)

6 Return Vi, Vi : 3;(t)

Algorithm 3: The backward belief propagation
in the forward-backward procedure

@ In this algorithm, the initial backward message is:

E,—(T) -1, Vvie {1,...,n}J (42)

@ The next backward messages are calculated as:

’j,08(t+1)> (43)

whi%ﬁ%vgfwyé t,@oing to state j at tim and

the @bservation symbol o8(t + 1),

@ The summation is because, at time t + 1, the state s&(t + 1) can be any state so we
—_— o
should use the law of total probability.
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The Forward-Backward Procedure

1 Input: \ = (7, A, B)

2 Bi(r)=1, Vie{l,...,n}

3 for state i from 1 to n do

4 for time t from (7 — 1) to 1 do
s L Bi(t) = E;Ll ij bj.00(141)

6 Return Vi, V¢ : 3;(t)

Algorithm 3: The backward belief propagation
in the forward-backward procedure

@ It is noteworthy that for very long sequences, the «a;(t) and 3(t) become extremely small,
recursively (see Algorithms 2 and 3). Hence, some people normalize them at every

iteration of algorithm [5]:
(44)

(45)

in order to sum to one. However, note that if this normalization is done, we will have
P(Os|)\) =1.
) S—
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Estimation in HMM
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Estimation in HMM

@ Estimation in HMM means the following [7, 8]: Given the observation sequence

=o0 of and the HMM model \ = (7r A, B), we want to compute or estimate
i 0t )\) i.e., the probablllty of a state sequence given an observation sequence.
‘-

@ In summary:

S8, given: O8 X = P(S8|08,\) =7 (46)
 — |
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Greedy Approach

@ Let the probability of being in state s; at time t given the observation sequence O¢ and

the HMM model X be denoted by:
’y'(t) :—Psg(t)— .|Og7)\ . *
i ( Sj ) \

@ We can say:

\Wj(/t)IP’(Og [A) (:)IP’(sg(t) =si |08, )\)IP(Og [\)

P(s8(t) = 51, Of A) = a, (t) Bi(t)
SIS -

_ i) Bi(t)

@ where (a) is because of chain rule in probability and (b) is because:

F )bt 1) H P08 (1), 05(2),..., 08(1). B(1) = 51| N)

x P(o®(t+1),08(t+2),...,08(r)|s8(t) :si,&
=P(08(1),08(2),.-.,08(7),s8(t) = s, A) :\]P’(Og,sg(t) =5, A).
—_— ]

@ The reason of (b) can also be interpreted in this way: it is because of the

forward-backward procedure which states the belief over a variable as product of the

forward and backward messages.
Hidden Markov Model
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(48)

(49)
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Greedy Approach

@ In the greedy approach, at every time t, we select a state with maximum probability of

. . . ——
occurrence without considering the other states in the sequence. Therefore, we have:

{ s8(t) = arg_max 7;(t), ' vte{l,...,7}, (50)
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The Viterbi Algorithm

The greedy approach does not optimize over the whole path but greedily chooses the
best state at every time step.

@ Another approach is to find the best state sequence which has the highest probability of
occurrence, i.e., maximizing P(O8, S8 | \) [7]. The Viterbi algorithm (1967) [9, 10] can
be used to find this path of states [11].

@ Different works, such as [12], have worked on using Viterbi algorithm for HMM.

@ Algorithm 4 shows the Viterbi algorithm for estimation in HMM [7].

1 Input: \= (7. A. B

2 // Initialization:

30;(1) = mibioe(r), Vie{l,...,n}

4P =0_wvie{l,...,n}

5 // Recursion:

6 for state j from 1 to n do

7 for time L from 2 to T do

8 I 8j(t) = maxy<i<y, (8:(t—1) ai3) bjon(r)
9

1;(t) = argmaxi<icn ((5i(t -1) ai,])

10 // Termination:

P 11 p* = maxi<i<p 0;(T)

L 12 s*(7) = argmaxi<i<n 6;(7)

13 // Backtracking:

14 for time t fromT —1t0o1do |-

15 | 87(6) = Yoyt +1)

16 P(O9,89|\) =

17 Return P(09, 89 | \), 89 = s*(1),...,s%(7)

)

4+
Ay

Algorithm 4: The Viterbi algorithm for estima-
tion in HMM
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The Viterbi Algorithm

bk
@ |In this algorithm, we have variable §;(t): r
(S| |

b
9;(t) :@i(t -1) ai,j] bj os(t)s (51)

which is similar to a;(t) defined in Eq. (39): f"éﬂk

i(t) ai,j] b; og(t+1)

except that «(t) in the forward belief propagation uses sum-product algorithm [13] while
d;(t) in the Viterbi algorithm uses max-product algorithm [14, 15].
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The Viterbi Algorithm

@ Similar to Eq. (38):

Oé,'(l) =T bi,og(l)’
the initial §;(t) is:

[5:(1) = 7 brosiay, we@ (52)

@ We define the index maximizing in Eq. (51):

5(8) = max [5i(t = 1) a1, by.s(o,

as: N
‘S"\’ﬁ—k (,{_wj(t) = arg 12:‘33)(,1 (6i(t — 1) a; ;). (53)
@ Then, a backward analysis is done starting from the end of state seqyience:
L — .
¥ ph= max 5,(7),— (54)
s*(1) = arg lrgl_agxn (), (55)

@ and the other states in the sequence are backtracked as:

GO
@ The states S8 = 5*(1),s*(2),...,s*(7) are the desired state sequence in the estimation.

@ Therefore, the states in the state sequence are maximizing the forward belief propagatlon

in a max-product setting.
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The Viterbi Algorithm

@ The probability of this path of states with maximum probability of occurrence is:

P(OF, S8 | \) = p*. ‘ (57)

@ Note that the Viterbi algorithm can be visualized using a trellis structure (see Appendix A
in [16]).
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Training the HMM
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Training the HMM

@ Training HMM means the following [7, 8]: Given the observation sequence

Of = 0of,...,0%, we want to adjust the HMM model parameters A = (7, A, B) in order

—_ 1T
to maximize P(O% | \).

@ In summary:

o
given: 0%,0,§ = argmax P(Of | X). (58)
2 )
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The Baum-Welch Algorithm

@ We can solve for Eq. (58):
iven: O8,0,8§ = A= P(O% | X),
¥ given arg max (08 |X)
using maximum likelihood estimation using Expectation Maximization (EM).
@ The Baum-Welch algorithm (1970) [17] is the most well-known method for training
—_—

HMM. It makes use of the EM results.
@ We define the probability of occurrence of a path being in states s; and s;, respectively, at

times t and t 4 1 by:
-_— ——
g,j sg’) :@Sg(t +1) @'Og (59)
@ We can say:
74D

( — 7
& (O P(OE X)) = (sg(t) =s;,s8(t+1) =s;| Og,)\)[P’((')g [A)

(;) P(Sg(t) =5, Sg(t =+ 1) =sj, Og, )\) a,-(t) ajj bj,og(t+1) Bj(t + 1)
N AR At Wi e et A

o a;(t) aij bj oe(t41) Bi(t + 1)
= & (1) = 208 D ¥ (60)
- ai(t) ai,; bj,oe (1) Bj(t +1) (61)

‘27:1 D=1 ar(t) ar e by os(ey1) Be(t +i)’ik—-

where (a) is because of chain rule in probability and the reason of (b) is in the next slide.

Hidden Markov Model 40 /56




The Baum-Welch Algorithm

@ We found:
€(t)P(OF | ) = P(s8(t) = 57, 5 (t + 1) = 5;| OF, A\)P(OF | )
(Q)L(sg(t) =5, 8(t+1) =5, OF, A).a, () a1 by os(es1) Bi(t +1)

S
@ (b) is because of the following: According to Eqs. (37), (4), (6), and (41), we have:

K () = PoF(1)...... o (1) sE(8) = 5] M),

3 2 =P(5(t+1)[si(t)
X bj os(er1) = P(o5(t +1) | s5(t + 1)),

¥* Bi(t +1) =P(o8(t+2),...,08(7)|s8(t +1) =55, \).
Therefore, we have:
Oc,'(t) a,-d-(t) bj,oé’(H»l) ,Bj(t + 1) = P(Sg(t) = S,',Sg(t + 1) =sj, 08, /\)

@ Note that we have 357, 37, & ;(t) = 1. Also, note that P(O¢ | )) in Eq. (60) can be
obtained from either the denominator of Eq. (61) or line 6 in Algorithm 2 (i.e., Eq. (40)):

P(O% | \) :iP(Og,sg( =si|A) =
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The Baum-Welch Algorithm

@ In Eq. (60):

_ai(t) ajj by oe(e1) Bi(t +1)
3 &) = P08 | \)

the terms b; oe(t+1), andtand for the probability of the first t

observations ending in state 5; at time t, the probability of transitioning from state s; (at
time t) to state s; (at time t + 1), the probability of observing o8(t 4 1) from states; at
time t + 1, and the probability of the remainder of the observation sequence, respectively.
—_— — —

)
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The Baum-Welch Algorithm

@ Now, recall the Egs. (24), (27), and (30) from EM algorithm for HMM:

T EQe (o)l Lse (e 1)

"
—1 E(Le (4[] 1og (e U])

X 1 =EQeul]), a;= " - o bij
“

. S Bl S Bl

@ On the other hand, recall Egs. (47) and (59):

@| Therefore, we can say:

E(Lss(qy[i]) = ~i(1),%

(
E(Le(r)[i]) = vi(t), ¥
E(Lee(t)[i] Lse(e40)li]) = & J(1), 44
E(lse () [ Log () [i]) = 7i(t), Where of(t) =j in i(t).
Hence:
Dp(s5(1) = 5|05,)), Vie{l....nhg
X ,J_AALLQA), vi,j€{1,...,n},

NS S ()
S sy (0)
St

Hidden Markov Model

b,"j: er{l,...,n},VjG{l,...,

7i(1) = P(s5(t) = | OF. ), &,(t) = B(s5(t) = 51,5 (¢ + 1) = 55| OF, )
L |

m}.

ol

(62)
(63)
(64)
(65)

(66)

(67)
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The Baum-Welch Algorithm

@ We found:

ZT:Log :"Yi(t)
‘k bi,j — t (t) J

, Vie{l,...,n},Vje{l,...,m}.
N~ > -1 7i(t)
@ With change of variable, we have:

221, o8 (0)=k (1)

¥ bw—w, vje{l,...,n},Vk € {1,...,m}. (68)
=17
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The Baum-Welch Algorithm

@ The algorithm is shown in Algorithm 5 [7]. In this algorithm the initial probabilities of
being in state s; at time t = 1 s according to Eq. (66). Then the a, ; is then calculated
using Eq. (67). According to counting in probability, it can also be interpreted as the
ratio of the expected number of transitions from state s; to s; over the expected number
of transitions out of state s;. Finally, the b;  is calculated usSing Eq. (68). Likewise, using
counting in probability, the b; x can be interpreted as the ratio of the expected number of

times being in state s; and seeing observation o, over the expected number of times being
in state s;.

PE—

 Inputs 74(0), € (0), Vi, 5,
x 2m=1), Vie{l,...,n}
3 for state i from 1 to n do

4 \; for state J from 1 to n do

L aij = 2o &gl /Z: 1t *‘G‘—
\/\__l

6 for state j from 1 to n do
7 \; for observation k from 1 to m do

L bjk *Z::l.oy )/ i1 () ¥ o<

9 // Normalization, for computer error corrections:
10 m < m) Y, T
1o aig/ Y aie
r 12 bjk b/ 0L bje
Bw=r,...,m ,A=la;;],B=

bik], Vi, je{l,...,n},Vke{l,...,m}
14 Return \ = (7, A, B)

*’(j*

Algorithm 5: The Baum-Welch algorithm for
training the HMM
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The Baum-Welch Algorithm
@ For calculating Eq. (68):

'r= ot
¥ bjk:M Vie{l,...,n}Vke{l,...,m},

Yt
-«
we use Eq. (49):
_ai(t) Bi(t)
Y vi(t) = m7
| D
where:
j(t+1) = [Za,(t) a,u] i k> (69)

_J

Bi(t) = Z aj,j bj ks (70)
l Jj=1 Y

in line 5 in Algorithm 2 and in line 5 in Algorithm 3, respectively. We use the obtained
a;, Vi, Vt and Bi(t), Vi, Vt for calculating Eq. (49).
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Application in Speech Recognition

@ Assume we have a dictionary of words consisting of || words.

—_——
@ For every word indexed by w € {1,...,|W|}, we have |Q,| training instances spoken by
one or several people. The training instances for a word are indexed by g where
GELL,..,|Qul}. S —

@ Every training instance is a sequence of observation symbols obtained from formants [18].
— —

———
We consider an HMM model for every word in the dictionary.
@ Training the HMMs are as [7, 8]:

Q Fa every word w;, consider the t’_rw&c_e_s‘(? w, indexed by g, i.e.,

..,08
L > 19wl
@ Train the HMM for the w-th word using Algorithm 6 to obtain \,,.
@ For an yunknown test word with sequence Otg = olg, cey o‘ggt‘, we recognize the word as
« - =ty
(7. 8]:

@ Calculate P(Of | Aw) for all w € {1,...,|W]|} using the forward belief propagation,
torward beliet propagatio
i.e., Algorithm 2 (see Eq. (40)).

@ The test word is recognized as:

w* = argmaxP(O% | \y). (71)
w

So, the test word is recognized as the w-th word in the dictionary.
—_
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Application in Speech Recognition

@ In test phase for speech recognition, usually, the Viterbi algorithm is used [8]. Hence,

another approach for recognition of the test word Of is:
@ Calculate P(O£,5% | \w) for all w € {1,...,TW|} using the Viterbi algorithm, i.e.,
Algorithm 4 (see Eq. .
@ The test word is recognized as:

w* = arg mmallxIP’(Of, S8 Aw). (72)

So, the test word is recognized as the w-th word in the dictionary.

@ Note that the words are pronounced with different lengths (fast or slowly) by different
people. As HMM s robust to different repetitions of states, the recognition of words
with different pacing is possible.
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Application in Action Recognition

@ In action recognition, every action can be seen as a sequence of poses where every pose
may be repeated for several frames [19]. Hence, HMM can be used for action recognition
[20].

@ Assume we have a set of actions denoted by VW where the actions are indexed by
we{l,..., W]} -

@ We have |Q.| training instances for every action where the training instances are indexed
by g € {17"'7|QW‘}-

@ Every training instance is a sequence of observation symbols where the symbols are the
poses, e.g., sitting, standing, etc.

@ An HMM s trained for every action [19, 21].

@ Training and testing HMMs for action recognition is the same as training and test phases
explained for speech recognition.

@ The actions are performed with different sequence lengths (fast or slowly) by different
people. As HMM is robust to different repetitions of states, the recognition of actions
with different pacing is possible.
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Application in Action Recognition

In action recognition, we have a dataset of actions consisting of several defined poses
[19, 21]. For example, if the dataset includes three actions sit, stand, and turn, the

format of actions is_as follow
> Action sit: @ { ¢tand @‘@ @
stand,
> Action stand:(s‘/ta_rﬁfgt-%. .. @

sit stand
> Action turn: stand,stand...,stand, tilt,tilt..., tilt
—

stand tilt
where the actions are modeled as sequences of some poses, i.e., stand, sit, and tilt.

The actions can have different lengths or pacing.
—_— P e

An example training dataset with its instances is shown in Table 1. In some sequences of
dataset, there are some noisy poses in the middle of sequences of correct poses for
making a difficult instance.

An example test dataset is also shown in Table 2. The three test sequences are different
from the training sequences to check the generalizability of the HMM models.

Three HMM models can be trained for the three actions in this dataset and then, the test
action sequences can be fed to the HMM models to be recognized.

See our paper "Fisherposes for human_action recognition using Kinect sensor data”
(2017) [19].
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Application in Action Recognition

Action | Sequence || t=1|t=2|t=3 |t=4|t=5|t=6|t=7|t=8|t=9|t=10|¢t=11 |t=12
1 stand | stand | stand sit sit sit X X X x x x
2 stand | stand sit sit sit sit sit sit X x X x

Sit 3 stand | stand | stand | stand | stand sit sit X X x X x
4 stand | stand | stand | stand | stand sit sit sit sit sit X x
5 stand | stand | stand | stand | stand sit sit sit sit stand sit sit
1 sit sit sit stand | stand | stand X X X x x x
2 sit sit sit sit sit sit stand | stand X X X X

Stand 3 sit sit | stand | stand | stand | stand | stand x X X X X
4 sit sit sit sit stand | stand | stand | stand | stand X X x
5 sit sit sit sit stand | stand | stand sit stand | stand | stand X
1 stand | stand | stand | tilt tilt tilt X X X x x x
2 stand | stand tilt tilt tilt tilt tilt tilt X X X

Turn 3 stand | stand | stand | stand | stand | tilt | tilt x x x x
4 stand | stand | stand | stand tilt tilt tilt tilt tilt tilt X
5 stand | stand | stand | stand tilt tilt tilt stand tilt tilt tilt

Table 1. An example training dataset for action recognition

Action || t=1|t=2|t=3|t=4|t=5|1=6|t=7|t=8|t=9|t=10|t=11
Sit stand | stand | stand sit sit sit sit X X X X
Stand sit sit sit sit | stand | stand | stand | x X x X
Turn stand | stand | stand | stand tilt tilt stand | stand tilt tilt tilt

Table 2. An example test dataset for action recognition
—_—
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@ HMM in sklearn: https://scikit-learn.sourceforge.net/stable/modules/hmm.html
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