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Data Graph in the Input Space

@ Uniform Manifold Approximation and Projection (UMAP) was proposed in 2018 [1].

@ Consider a training dataset X = [x1,. .., xn] € RYX" where pn is the sample size and d is
the dimensionality.

@ We construct a k-Nearest Neighbors (kNN) graph for this dataset. It has been
empirically observed that UMAP requires fewer number of neighbors than t-SNE [2]. |
default value is k = 15. We denote the j-th neighbor of x; by Xiyj- Let Nrdenote the set
of neighbor points for the point Xi, e, Nj: qx, - Xikt

@ We treat neighborhood relatlon_hm between points stochastlcally Inspired by SNE [3] and
t-SNE [4, 5], we use the Gaussian or Radial Basis Function iRBF) kernel for the measure
of sim similarity between points in the input space. The probability That a po point x; has the
point x; as its neighbor can be computed by the similarity of these points:

—_—

if x; € ./\/, (1)
Otherwise,
where ||.||2 denotes the ¢, norm.
@ The p; is the distance from x; to its nearest neighbor:
gl
pi = min{|lx; — xjjl2|1 < j < k}. )
— J —_
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Data Graph in the Input Space
o The% is the scale parameter which is calculated such that the total similarity of point x;
to its k nearest neighbors is normalized. By binary search, we find o; to satisfy:
—_—— —_—

p
llxi — xijlla — pi
Xp\——————(——— ) = |Og (k) (3)
D o Var

@ Note that t-SNE [4] has a similar search for its scale using entropy as perplexity. These
searches make ti the neighborhoods of various points behave similarly because the scale
for a_point in a dense region of dataset becomes small while the scale of a point in a
sparse region of data becomes large.

@ In other words, UMAP and t-SNE both assume (or approximate) that points are €
uniformly distributed on an underlying low-dimensional manifold. This approximation is
also included in the name of UMAP.

@ Eq. (1):
« . exp (_ \IX,'—JZUQ—P;) if x; € N
* Pl @ Otherwise, =
is a directional similarity measure. To have a symmetric measure with respect to i and j,

we symmetrize it as:
T

Ri: pj|i.+ Pi|j = Pj|i Pilj- (4)
This is a symmetric measure of similarity between points x; and x; in the input space.
e e
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Data Graph in the Embedding Space

@ Let the embeddings of points be Y = [y,...,y,] € RPX" where p is the dimensionality
of embedding space and is smaller than input dimensionality, i.e., p < d. Note that y; is
the embedding corresponding to x;. -

@ In the embedding space, the probability that a point y; has the point y; as its neighbor

O etcs Shdatt SO
can be computed by the similarity of these points:

( R gy = (1+@ly; — v, |, (5)

which is symmetric with respect to i and j.
——— e

@ The variables a > 0 and b > 0 are }Wdetermined by the user. By default,
we have a &~ 1.929 and b & 0.7915 [1], although it has been empirically seen that setting
a = b =1 does not qualitatively impact the results [6].
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Optimization Cost Function

@ UMAP aims to make the data graph in the low-dimensional embedding space similar to
the data graph in the high-dimensional embedding space. In other words, W& treat Egs.
Mas probability distributions and minimize the difference of these distributions
to make similarities of points in the embedding space as the similarities of points in the
input space. A measure for the difference of these similarities of graphs is the fuzzy
cross-entropy defined as:

v L oL ai'

where I&)_is%‘allogaﬁthm. The definition of this cross-entropy is in the field of
fuzzy category theory (see our tutorial paper [7] for more information).

@ The first term in Eq. (6) is the attractive force which attracts the embeddings of
neighbor points toward each other. This term should only appear when p;; Z 0 which
means either x; is a neighbor of x;, or x; is a neighbor of x;, or both (see Eq. (4),

R 3 pj = pji F Pijj — Pjji Pijj)-

@ The sgg)ﬂl_tam;ig) is the repulsive force which repulses the embeddings of
non-neighbor points away from each other.

@ AsTthe number of all permutations of non-neighbor points is very large, computation of
the second term is non-tractable in big data. Inspired by Word2Vec [8] and LargeVis [9],
UMAP uses where, for every point x;, m points are sampled randomly
from the training dataset and tWLMX;.

@ As the dataset is usually large, i.e. m < n, the sampled points will be actual negative
points with high probability. I

~—
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Optimization Cost Function
@ We had:

n ‘ -i
¥ a=323\(piin(; J)+(1—pu)|n( o)) &
i=1

@ The summation over the second term in Eq. (6) is computed only over these negative
samples rather than all negative points.
@ UMAP changes the data graph in the embedding space to make it similar to the data

graph inthe input space.
@ Eq. is the cost function which is minimized in UMAP where the optimization variables
n .
i}

are (i},
nin_c; := mm i In(qy)
K_’_/

@ According to Egs. (1), (4), and (5), in contrast to gjj, the pj; is independent of the

optimization variables jz;}?zl. Hence, we can drop the cofstant terms to revise the cost
unction:
@Z > (Pyn(ag) + (1 = py)In(1 - a5)), (7)

i=1 j=1,j#i L ¢

which should be minimized.
minimized.
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Optimization Cost Function

@ We had:
n n
¥ o =0% 3 (o) o o)
i=1 j=1,j#i
@ Two important terms in this cost function are:
: i) \ (8)

and we can write:
i) oL D)

Py + (1= py)cl)) (11)

N

where (a) is because p;; = pji, ‘J CJ ;»and ¢/ 1 CJ ; are symmetric.

@ The Egs. (8) and (9) are the attractive and repulsive forces in Eq. (7), respectively. The
attractive force attracts the n;rmmﬁer in the embedding space
while the repulsive force pushes the non-neighbor points (i.e., points with low probability
of being neighbors) away from each other in the embedding space.

@ According to Eq. (10), ¢?; and ¢! ; occur with probability Pi and (1 — pjj), respectively.

For every point, we caII it the ancl{lor point and we call its heighbor amdfon-neighbor
— X
points, with large and small pj;;, as the positive and negative points, respectively.
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The Training Algorithm of UMAP

1 Input: Training data {x;}}_,

2 Construct kNN graph

3 Initialize {y,}!, by Laplacian eigenmap

4 Calculatep;; and ¢;; for Vi, j € {1,...,n} by
Egs. and )™ —

sn<—1,v+0

6 “While not converged do

7 v < v+1 //epochindex

s | forifrom1tondo \
9

14 for m iterations do
I~U{l,....n

“%%)%
(MFWL“ )

~———
Algorithm 1: UMAP algorithm
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The Training Algorithm of UMAP

As this algorithm shows, a kNN graph is constructed from the t’rmgdLa{x*}?‘r

UMARP uses Laplacian eigenmap [10, 11], also called spectral embedding, for initiatizing
the embeddings of points denoted by {y;}7_,
Using Egs. (4) and (5), p;j and gj; are calculated for all points.
S_to/cl@g%tl)estmt(ﬂ is used for optimization where optimization is
performed iteratively.
In every iteration (epoch), we iterate over points twice with indices i and j where the i-th
point is called the anchor. For every pair of points x; and x;, we update their embeddings
x; and x; with probability pij (recall Eq. (7)).
If pj is large, it means that the points x; and x; are probably neighbors (in this case, the
J-th point is called the positive point) and their embeddings are highly likely to be
updated to become close in the embedding space based on the attractive force. For
implementing it, we can sa i value from the continuous uniform distribution
U(0,1) and if that is less than pj;, we update the embeddings.
We update the embeddings y; and y; by gradients acgj/ay,- and 8cij/8yj, respectively,
where 7 is the learning rate.
For repulsive forces, we use negative sampling as was explained before. If m denotes the
size of negative sample, we sample m indices from the discrete uniform distribution
U{1,...,n}. These are the indices of points which are considered as negative samples
{y,} where |{y,}| = m. As the size of dataset is usually large enough to satisfy n > m,
these negative points are probably valid because many of the points are non-neighbors of
the considered anchor.
In negative sampling, the original UMAP [1] updates only the embedding of anchor y; by
gradient of the repulsive force 8cf,j/8y,-. One can additionally update the embedding of
negative point y,; by gradient of the repulsive force dc?./dy, [12].
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The Training Algorithm of UMAP

@ We had:

¢y = —In(q;),
.

¢ j = —In(1-gqy).

@ The gradients of attractive and repulsive cost functions in UMAP are:
—_ —_

F ( oc y,H2
& = %" Y (12)

e 5,

(yi—¥)) (13)
ay; (@ ly; - yJII 1+aw D) g

where ¢ is a small positive number, e.g. £ = 0.001, for stability to prevent division by zero
il
when y; ~ y;.

@ Likewise, we have:

86}3' 2abl|y1 yJH2

‘%§‘u+wx mWﬁ¢W£*

oc;; —2b
= 2 2b (.Yj _yi)'
QO (e+lyi —yIB) (L +ally; — y,13P)
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The Training Algorithm of UMAP

@ Proof: We had: \

- lea (=3l
&

@ For the first equation, we have:
N

oc?. Ot 9gi -1 = A
N J ij v ><23b(y,'7yj)><”yf7yj”2( ))

-
" al(s\'-*a)')lzu) = (14)

COyi, . 9a; " 9y
2(b—1
© 2ablly; - 5670

“"*’”’ ,
T2
7/ O)'U

@ For the second equation, we have:

oc . oc; . dqjj
— oy 995

Jo_ 25
1 2(b—1)
— ..X@ b))‘y, SRS )

+ally; —}’j||2

(b—1)
,HJ
(15)
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The Tralnlng Algorithm of UMAP
2by-1 <«
q. (5) was: R 3 g :=(1+ally; — y,l13°)~
) The term in the'numerator can be snmpl |ed as:

—2ablly; —y; I, —2b(ally; — yJMHy, y,lc
e =\
) _ ~
= —2b(q; = 1)lly; -yl 2
A

@ The term in the denominator can be simplified as:

— /\/\_/2;\2( (\ o 3
L—ap)A+aly; -y I3 = (L= ap)a;> = a;2 —a; ' = a; (a5
—

l_/—”"_‘ L I

5

@ Hence, Eq. (15):

oc;; . —2ablly; — yJHQ (vi—y)
dy; (A—qyp)+aly; — ||2")2 ”

—1).

-

= (yi—¥j)-
ly:i =y 13X +aly; —y;l3) 7" 7

@ If we add ¢ for stability to the squared distance in the denominator, the equation is

obtained. Q.E.D.

Uniform Manifold Approximation and Projecti

16 /20



Example of UMAP Embedding (Digit Dataset)

UMAP projection of the Digits dataset

:} 9
g <

g, ,
IR 74 .

@

So —o — O

Credit of image: https://umap-learn.readthedocs.io/en/latest/basic_usage.html
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Acknowledgment

@ Some slides are based on our tutorial paper: “Uniform Manifold approximation and

projection (UMAP) and its variants: tutorial and survey” [7]

@ For more information on UMAP, refer to our tutorial paper [7].

@ UMARP library: https://umap-learn.readthedocs.io/en/latest/basic_usage.html
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