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Learning Model £, A = Liap= *’i

@ Assume we have a function f which gets the i-th input x; and outputs f; = f(x;). This
figure shows this function and its input and output:
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@ We wish to know the function which we call it the true_ model but we do not have access
to it as it is unknown.
L —_

@ Also, the pure outputs (true observations), f's, are not available. The output may be
— —_—

corrupted ‘with an additive noise ¢;:
}yi=fi+€h ‘ (1)

where the noise is €; ~ N(0, 02).
EERRGASha
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z
Learning Model (e = Ee5) —(EE)

@ We have: KX
yi = fi + i, [ei ~ N(0,07) :m E(e7) = Var(e;) + (E
e __J
° X Z

o

gl

The true observation f; is not random, thus:
S e Ve on i s e 19T

The input training data {x;}7_; and their corrupted observations {y;}7_; are available to
us. We would like to approximate (estimate) the true model by a model f in order to
estimate the observations {y;}7 ; from the input {x;}? ,.

Calling the estimated observatlons by {¥i}7_;, we want the {¥;}"_; to be as close as
possible to {y;}7_, for the training input data {x;}7_,

We train th'e_mm using the training data in order to estimate the true model.

After training the model, it can be used to estimate the output of the model for both the

training input {x;}?_; and the unseen test input {x;}7 , to have the estimates {};}} ,
'___\ ————
and {y;}™ ,, respectively.

- (x:)=(F)

Train the model

3
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Learning Model

@ Here, we denote the estimation of the observation of the i-th instance with either y; or 1?,\
—_

—_—

@ The model can be a regression (prediction) or classification model. In regression, the
model’s estimation is continuous while in classification, the estimation is a member of a

discrete set_of possible observations.

@ The definitions of variance, bias, and MSE can also be used for the estimation ?, of the
true model f;.

.xw:s (\/MSE(?))z - (\/Var(A))z-i-(IBias(f))z. (4)

O,
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Mean Squared Error of
the Estimation of
Observations

Overfitting, Cross Validation, and Regularizat



Mean Squared Error of the Estimation of Observations

@ Suppose we have an instance (xo, o). This instance can be either a training or
test/validation instance. We will cover both cases.

@ According to Eq. (1), the observation yy is: gbr_pa—@, (3"_73()\ .f,,+£, =Jo

2 2
(AP teitan g e

Iy =T

@ Assume the model’s Astimation\of yp is:fi The MSE of the estimation is:

?) 2 E((% — o ~50)?) ZE((h — £)* + 3 — 220(k — )
=E((h — £)°) +E(5),~ 2E(o(h — £)),
DE((R— £)°) +0° ~ 2E(eolo — ). —» MIE (6)
| GE————————

©

MIE _%‘k E((fo —

@ The last term is:

o 5 -~
E@h -~ £) L (00 - 6)(F — £). + (7)
L= —— 9
@ For calculation of this term, we have two cases: (1) whether the instance (xq. yg) is in the

training set or (1) not in the training set. In other words, whether the instance was used
to train the model (estimator) or not.
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. - -~ XY = eQY)=E
Case I: Instance not in the Training Set E(f){;(}«) WA

Assume the instance (xo, o) was not in the training set, i.e., it was not used for training
the model. In other words, we have yp gé T.

This means that the estimation fo is mdependent of the observation yp because the
observation was not used to train the model but the estimation is obtained from the
model. Ther fore:

(A0595)

é WD = (vo—f) 1L (h— )

— E((v0 — 0)(% - fo))fé E((v0 ) E(( — ) ©

E((yo — f0)) = E(y0) ‘ 0,

where (c) is because of Eq. (3) and:

ysbfeg, = E) @ B(6) + }gﬂ=&+o=&

Therefore, in this case, the last term in Eq. (6) is zero. Thus:

MSE E((f —y0)*) = E((f — £)*) + o (8)
Overfitting, Cross Validation, and Regularizat| 8/49




Case I: Instance not in the Training Set

@ We found:

N N m
S R = Y - 0 . (9)
i = e i=1 [ {i=1 g
er =

@ The term > 1(f — y, is the error between the predicted output and the label in the
P b

dataset. éo 1t is the empirical error, denoted by err.

@ The term Z,,l(f,- — £;)? is the error between the predlcted output and true unknown
=
Iab’_e_:l‘. This error is referred to as true error, denoted by Err. Therefore:

err = Err + mo? — (10)
L 1

@ The term m02 is a constant and can be ignored. Hence in this case, the emEmcaI error

is a good estimati error. Thus, we can minimize the empirical error in order

to properly minimize the true error.
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Case Il: Instance in the Training Set

@ In case 2, the ms'carmceiSM'c'____MLw:c. For this case, we need to use a mathematical
formula named SURE, introduced in the following.

@ Consider a multivariate variable RY 5 z = [z1,... ,zd@whose components are

independent random variables with normal distribution, i.e., z; ~ N (u;, o).

—_—
@ Take RY > po=[u1,...,p4] " and let R? S g(z) = [g1,...,84]" be a function of the
random variable z with g(z) : RY — RY.

@ There exists a lemma, named Stein's Lemma, which states:

d .
* | E((z - )T 82) = * S E(E), (1)

which is used in Stein’s Unbiased Risk Estimate (SURE) [1]. See our tutorial [2] for the
proof of Eq. (11).

@ If the random variable is a univariate variable, the Stein's lemma becomes:
univarnate variable

—

¥ | B~ mat2) = 22D,

(12)
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Case Il: Instance in the Training Set y = bt

@ SURE for univariate variable:
V4
* 5@~ mee) =o2E(%D),

@ In the SURE formula for univariate variable, we take g, 0, and fo — fp as the 20 1 and
(z) respectively. We do this to make Eq. (7). = —
@ Using Eq. (12), the last term in Eq. (6) is:

f (h—f) ) ‘o o ° %

¥ B0 ~0 ) = (TR < PR ) € Pl
. ® g0 0\ © oy Oh

2, dem o Mie a E(layo X/gg)z ]E(f)yo)’

L
where (a) is because the true model f is not dependent on the noise, (b) is because of the
chain rule in derivative, and (c) is because:
{
0,
O f Ny = DOy

(
| Yo = 0 Beq

@ Therefore, in this case, the Eq. (6) is:

MSE — X ((fo — %0)%) =E((fo — £)?) + 02 — 202E(%). / (13)
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Case Il: Instance in the Training Set

@ We had:
z 2 z 2 2 2 O
X E((h - %)) =E((b — £)*) + 0%~ 20°E( ).
L 1 ——7 l Yoy

@ Suppose the number of training instances is n. By Monte Carlo approximation of the
expectation terms, we have:

n no h’
B S S R R L g R

= e = Oy

SO -y = S - P 4 no? — 2023 20 1)

2 a0

@ The term Z,";l(i",\ — y;)? is the error between the predicted output and the label in the
dataset. So, it is the empirical error, denoted by err.
€mpirical error e

@ The term Z,’ll(ﬁ — £;)? is the error between the predicted output and true unknown
label. This error is referred to as true error, denoted by I_E_r_r_ Therefore:

CoD e —— T ]
of; ofi
:@—f— no®—202 57 Em — Err=err —no? 202 ;:1 v (15)
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Case Il: Instance in the Training Set

@ We had:

S -\

Etr = err — no? +2022 of;
=

@ The last term in this equation is a_ measure of complexity (or overfitting) of the model.
Note that 8?,-/8y,- means if we move the /-th training instance, how much the model’s
estimation of that instance will change? This shows how much the model is complex or
overfitted.

@ For better understanding, suppose a line regressing a training set via least squares
problem. If we change a point, the line will not change significantly because the model is
not complex (is underfitted). On the other hand, consider a regression model passing
through “all” the points. If we move a training point, the regressing curve changes
noticeably which is because the model is very complex (overfitted).

S SN

Overfitting, Cross Validation, and Regularizat| 13 /49




Case lI: Instance in the Training Set

net I }’m\-\a seke EVT:W———E

@ We had: W’hm W

h haby s X %iznﬂwzﬂ

@ According to this equation, in the case where the instance is in the training set, the
empirical error is not a good estimation of the true error.

@ The reason is that minimization of err usually increases the complexity of the model,
cancelling out the minimization of Err after some level of training.
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Overfitting,
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Overfitting, Underfitting, and Generalization

. , N

@ If the model is trained in an extremely simple way so that its estimation has low variance
but high bias, we have underfitting. Note that underfitting is also referred to as
- - _——
over-generalization.
@ On the other hand, if the model is trained in an extremely complex way so that its
estimation has high variance but low bias, we have overfitting.
@ To summarize:

> in underfitting: low variance, high bias, and low complexity.
> in overfitting: high variance, low bias, high complexity.

[ A—
——
3

@
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Overfitting, Underfitting, and Generalization

@ An example for underfitting, good fit, and overfitting is illustrated in this figure.

@ As this figure shows, in both rfitting and overfitting, the estimation of a test instance

might be very weak while in a good fit, the test instance, which was not seen in the
training phase, is estimated well enough with smaller error.

@ The ability of the model to estimate the unseen test (out-of-sample) data is referred to as
generalization. —
—

@ The lack of generalization is the reason why both overfitting and underfitting, especially
overfitting, is not acceptable. In overfitting, the training error, i.e., err, is very small while

: . —_—y e
the test (true) error, i.e., Err, is usually awful!
e ———————————
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Cross Validation

@ In order to either (1) find out until which complexity we should train the model or (II)
tune the parameters of the model, we should use cross validation [3].

@ In cross validation, we divide the dataset D into two partitions, i.e., training set denoted
by T and test set denoted by R where the union of these two subsets is the whole
dataset and the intersection of them is the empty set: T E

/\_J\—/\/\&/\
(Tor=p) F—— 7' @

[Tor=e] @

@ The T is used for training the model. After the model is trained, the R is used for testing
the performance of the model.
__—————’\

@ We have different methods for cross validation. Two of the most well-known methods for
cross validation are K-fold cross validation and Leave-One-Out Cross Validation
(LoocCVv).
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L 3
K-fold Cross Validation —t l,Z.l—"hW’"‘ 2deyt
AV e gt
2Asheh g, el

@ In K-fold cross validation, we randomly split the dataset D into K partitions

{D1,...,Dk} where:
[Da| ~ [Daf = -+ ~ D, b.G(18)
K y ¢
Upi=n, vy (19)
i=1 KM,S Z e+t
Vij e {1, K}, i £, +4)(20)

where |.| denoted the cardinality of set.
— —_—
@ Sometimes, the dataset D is shuffled before the cross validation for better randomization.

@ Moreover, both simple random sampling without replacement and stratified sampling
[4, 5] can be used for this splitting.

@ The K-fold cross validation includes K iterations, where in each of them, one of the
partitions is used as the test set and the rest of data is used for training. The overall
estimation error is the average test error of iterations.

@ We usually have K = 2,5,10 in the literature but K = 10 is the most common.
—_— p—
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K-fold Cross Validation

@ The algorithm of K-fold cross validation is shown in the following.

1 Randomly split D into K partitions with almost

equal sizes.
for k from 1 to K do

Use 7_to train the model.
Errk — [ise the tramed model to predict R.
A

Algorithm 1: K-fold Cross Validation

2
3
4
5
6
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Leave-One-Out Cross Validation =Tk,
D

@ In Leave-One-Out Cross Validation (LOOCV), we iterate for |D| = N times and in each
iteration, we take one instance as the R (so that |R| = 1) and the rest of instances as the
training set.

@ The overall estimation error is the average test error of iterations.

@ Usually, when the size of dataset is small, LOOCV is used in order to use the most of
dataset for training and then test the model properly.

@ The algorithm of LOOCV is shown in the following.

1 for k from 1 to |D]| = N do

2 R < Take the k-th instance from D.
3 | Z+D\R.

4 Use 7_to train the model.

5

Err;C < Use the trained model to predlct R.

B b e

Algorithm 2. Leave-One-Out Cross Validation
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Cheating #1 in Machine Learning

@ The test set and the training set should be disjoint, i.e., 7 N R = &; otherwise, we are
introducing the whole or a part of the test instances to the model to learn them.

@ Of course, in that way, the model will learn to estimate the test instances easier and
better; however, in the real-world applications, the test data is not available at the time of
training. Therefore, if we mistakenly have T NR # &, it is referred to as cheating in
machine learning (we call it cheating #1 here).
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@ In some cases, the model has some parameters which need to be determined. In this case,
we split the data D to three subsets, i.e., training set 7, test set R, and validation set V.

@ Usually, we have |T| > |R| and |T| > |V|.

@ First, we want to find the best parameters. For this, the training set is used to train the
model with different values of parameters. For every value of parameter(s), after the
model is trained, it is tested on the validation set. This is performed for all desired values

—_—cx

of parameters. The parameter value resulting in the best estimation performance on the

validation set is selected to be the value of parameter(s).

@ After finding the values of parameters, the model is trained using the training set (where
F wacre
the found parameter value is used). Then, the model is tested on the test set and the
estimation performance is the average test set over the cross validation iterations.

Cbhfb!e 0<7)g wh LM’{' ]ZWM ﬂ¥=> O(B@;'IJI‘SL&HL
i "’”'(U, (/C’— D(L%‘!'7;5L@1L)
(Lot rmlel () repot

Overfitting, Cross Validation, and Regularizat| 24 /49



Cheating #2 in Machine Learning N RV,

@ In cross validation with validation set, we have:
X TNR=2, TNV=02, VAIR=0.
—— TR T =
@ The validation and test sets should be disjoint because the parameters of the model
should not be optimized by testing on the test set. In other words, in real-world
applications, the training and validation sets are available but the test set is not available
yet. If we mistakenly have V N'R # &, it is referred to as cheating in machine learning

Twe call it cheating 32 here).

@ This kind of mistake is very common in the literature unfortunately, where some people
optimize the parameters by testing on the test set without having a validation set.

@ Moreover, the th should be disjoint as explained beforehand; otherwise,
that would be another kind of cheating in machine learning (introduced before as
cheating #1).

@ On the other hand, the training and validation sets should be disjoint. Although having
wls n_ot ch.eatmg. but it should pot be &one for the reagf_)_n wt}lch will be
explained later in this section. ,__'%L:jj P

@ To have validation set in cross validation, we usually first split the dataset D into 7’ and
R where T'"UR =D and T'NR = &. Then, we split the set_7” into the training and
validationsets, i.e., T UV =T’ and TNV = & and usually |T| > |V|.

@ The algorithms of K-fold cross validation and LOOCV can be modified accordingly to
include the validation set. In LOOCV, we usually have |V| = 1.
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e oo _ 1 APA ‘bf‘
Justification of Overfitting /[\\]/Grnf/mho” +27 é; 2%
< 1 2 |

c
2 high bias low bias
g low variance high variance

underfit

\/v\/

i
) = of:
lexity = 2 2 il
complexity =24 ?:‘ Em

emay (k)

@ When the instance is not in the training set, the true error, Err, and the test error, err,
behave differently as shown in Fig. (a).

@ At the first stages of training, the err and Err both decrease; however, after some training,
the model becomes more complex and goes toward overfitting. In that stage, the Err
starts to increase.

@ We should end the training when the Err starts to increase because that stage is the good
fit. Usually, in order to find out when to stop training, we train the model for one stage
(e.g., iteration) and then test the trained model on the validation set where the error is
named Err. This is commonly used in training neural networks [6] where Err is measured
after every epoch for example. -
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Justification of Overfitting

5 -— —_—
2. high bias low bias Err
E g low variance high variance

= 0

B

4

aefocoaaeenenT
| — model I S O_ﬁ e:'r

lcomplexity =202y

i=1

(a) (b)

—_—
underfit overfit complexity Ay:

@ Recall the Egs. (10) and (15) where the true error for the test (not in training set) and
training instance are related to the training error, respectively:
d Err=err —mo?, (instance in training set)
— — L )
of;
Oy

n
Err = err — no? + 202 Z (instance not in training set)
i=1

@ The reason why Err increases after a while of training is according to Eq. (15). Dropping
the constant no? from that expression, we have: Err = err + 202 27:1 g—; where the
I

term 2 o2 >y g;"_ shows the model complexity. See Fig. (b) where both err and the

model complexity are illustrated as a function of training stages (iterations). According to
Eq. (15), the Err is the summation of these two curves which clarifies the reason of its
behavior.
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Justification of Overfitting

—

high bias low bias
low variance high variance

estimation
error

tepcccammemesst T T geet
I — — ) =07,
" model complexity = 252 Z ofi err
underfit overfit complexity ~ yi

(a) (b)

@ That is why we should not train a lot on the training set because the model will get too
much fitted on the training set and will lose its ability to generalize to new unseen data.

@ The Fig. (a) and Eq. (15) show that it is better to have T NV = #. Otherwise, for
example if we have 7 =V, the Err will be equivalent to err and thus it will go down even
in overfitting stages. This is harmful to our training because we will not notice overfitting
properly.

@ The Eq. (10) also explains that the error on validation or test set is a good measure for
the true error. That is why we can use test or validation error in order to know until what

—_— . . — .
stage we can train the model without overfitting.
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Discussion of Cheating in a Nut Shell

@ If we have only training and test sets without validation set:
> TNR#@ = cheating #1

@ If we have training, test, and validation sets wetromt—wahdation-sst:
> TNR#I —> cheating #1

> VNR # @ = cheating #2
> TNV #YG = harmful to training (not noticing overfitting properly)
@ The first two items are advantageous to the model's performance on test data but that is
cheating and also it may be disadvantageous to future new test data.
@ The third item is disadvantageous to the model's performance on test data because we
may not find out overfitting or we_may find it out late and the generalization error will
become worse; therefore, it is better not to do it.
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Regularization: Definition

@ We can minimize the true error, Err, using optimization. According to Eq. (15), we have:

may[tx%

Yv\l‘nl\'\l’-tc @ Q minimize |err — Ao + (22)

@ As the term no? is a constant, we can droB it.

@ Calculation of 8?[82- is usually very difficult; therefore, we usually use a penalty term in
place of it where the penalty increases as the complexity of the model increases in order to
— . -
imitate the behavior of 9f;/0y;.

@ Therefore, the optimization can be written as a w problem:

~ —
minjmize J(x;60) := J(x;60) + a Q(x), (23)
&1 L — =

where 6 is the parameter(s) of the cost function, J(.) is the objective err to be minimized,
Q(.) is the penalty function representing the complexity of model, a > 0 is the

regularization parameter, and .7() is the regularized objective function.
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Regularization: Definition

} of

minimize Err:=err—no +20228
yl

Tminimize' J(x;0) := J(x; aQ(x
@ J(x;0) = J(x;0) + a QY ) ”%”?’ “K”(

@ The penalty function can be different things such as ¢> norm [7], ¢1 norm [8, 9], £2,1 norm
[10], etc.

@ The ¢1 and ¢5 1 norms are useful for having sparsity [11, 12]. The sparsity is very effective
because of the “bet on sparsity” principal: “Use a procedure that does well in sparse

problems, since no procedure does well in dense problems [7, 13].”

@ The effectiveness of the sparsity can also be explained by Occam’s razor [14] stating that
“simpler solutions are more likely to be correct than complex ones” or “simplicity is a goal
in itself”.

—_— ~
Y @ We are minimizing the Err (i.e., J(x;0)) and not err (i.e., J(x;6)). As discussed before,
minimizing err results in overfitting. Therefore, regularization helps avoid overfitting.
—_— —
x

Overfitting, Cross Validation, and Regularizat| 33/49



¢ Regularization

Overfitti Cross Validation, and Regularizat



Theory for £, Norm Regularization

@ The ¢, norm regularization [7]: /rﬂ ./\/{L
o3 ,_,75, N
~ / o
minimize  J(x;0) := J(x; 0) + = ||x]||3. (24)
X L’-l

@ The ¢ norm regularization is also referred to as ridge regression or Tikhonov
regularization [6].

) Supposeﬁ is minimizer of the J(x;0), i.e.: \/J’
¥ | VI(x*;0)=0. (25)

The Taylor series expansion of J(x; @) up to the second derivative at x* gives:
————etay et 5

J(x; 0) ~ J(x*; x7; ; lex*T x — x*
J(x:0) ~ J(x*:8) + VI( 7_",0)+L2( ) H(x—x)
— J(x*;0) + %(x — x*)TH(x — x*), (26)
2 L

where H € R9%9 is the Hessian.
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Theory for £, Norm Regularization

~ N / |
* minixmize J(x;0) == J(x;0) +

e
5 ||X||§7

¥ &:o_)_lz J(x*;0) + S —x*)TH(x — x*).

@ Usjng the Taylor approximation jn the cost gives us [6]:

J(x;0) 4 J(x; 9)+*|IX|I2 —@ 0) + 5(x —x )TH(Xﬂ *HXH2»

X 7:@+H(xf—x )+asz£0 == (H+al))L<_T)—Hx

Ox

[ e |
— (= (Hran ) t ot @
< - ~— %= t(v\l;\'n =%

where xT is the minimizer of J(x; 0). P
*@ 9J(x*;0)/0x = 0 because the J(x*;8) is a constant vector with respect to x.

@ The Eq. (27) makes sense because if « = 0, which means we do not have the

regularlzatlon term, we will have xT = x*. This means that the minimizer of ](x,@) will
be the same as the minimizer of J(x; ) which is correct according to Eq. (24) where
a=0.
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Theory for £, Norm Regularization (Aﬂ)ﬂls B“A'l

| have:

T o —
vu=w =1

@ If we apply eigenvalue decomposition on the Hessian matrix, we y

woe o |

@ Using this decomposition in Eq. (27), xt = @-i- al)~ ]‘QX gives us:
| PR«

xt = (UAUT o) tuAuTx* @ (UAUT + UUT@N T UAUT X
O uauT + UgIu] ) TUNUT X" = (U(/\+aI)UTQU/\UTx*
— = (VN —_
QO +an- UAUT X = U(A+al) AU X (29)
e D
! ¥ ( U@,

where (a) and (c) are because U is an orthogonal matrix so we have U™ = U T which
yields to UT U = I and UUT = I (because U is not truncated). The (b) is because « is
a scalar and can move between the multiplication of matrices.

@ The Eq. (29) means that we are rotating x* by UT x* but before rotating it back with
UUT x*, we manipulate it with the term (N + al)_ll\.
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Theory for £, Norm Regularlzatlon *
i b gl — A=A

ATp= Aip vl
= MNVIPSY S S per™

f IAyT P :
Based on Eq. (29), x = U(A + al)~'AUT x*, we can have the following interpretations:

@ If a =0, we have:

\

—
X =UNAUTx = uU T x* 2 yu1x* = x*,
—— ——
1 )

where (a) is because U is an orthogonal matrix and (b) is because U is a non-truncated
orthogonal matrix. This means that if we do not have the penalty term, the minimizer of
J(x; 0) is the minimizer of J(x; @) as expected. In other words, we are rotating the
solution x* by UT and then rotate it back by U.
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Theory for £, Norm Regularization

@ If a #0, the term (A+al)~" A is:
_—

o ——

5 0 e
i
H (Aral)®=| :
0 0
where A = diag([)\1, ..., q]"). Therefore, for the j-th direction of Hessian, we have

'K > If X; > «a, we will have )\ﬁa = 1 so for the j-th direction we have
S —— J

(N+ alrll\ =~ I; therefore, x ~ x*. This makes sense because \; > o means

that the j-th direction of Hessian and thus the j-th direction of J(x; ) is large

enough to be effective. Therefore, the penalty is roughly ignored with respect to it.
"k > If \; < «, we will have )\Jija = 0 so for the j-th direction we have

(N+ alrll\ ~ 0: therefore, xT = 0. This makes sense because Aj < a means that

the j-th directi i d thus the j-th direction of J(x; 95 is small and not

effective. Therefore, the penalty shrinks that direction to almost zero.
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Theory for £, Norm Regularization

@ Therefore, the £, norm regularization keeps the effective directions but shrinks the weak
directions to close to zero.

@ The following measure is referred to as effective number of parameters or degree of
freedom [7]:

(30)

because it counts the number of effective directions as discussed above. Moreover, the
term A;/()\; + @) or (A + al)~!A is called the shrinkage factor because it shrinks the
weak directions.
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Theory for /1 Norm Regularization

@ As explained before, sparsity is very useful and effective. If x = [x1,...,xq4] ", for having
sparsity, we should use subset selection for the regularization:

minimize J(x;0) := J(x;0) (31)

where:
g 0 ifx=0
Py— . J— o ’
o= 165 2o ={9 B30 (32)
= |
is “lo” norm, which is not a norm (so we used “.” for it) because it does not satisfy the

— . “ ”
norm properties [15]. The “4g” norm counts the number of non-zero elements so when we
penalize it, it means that we want to have sparser solutions with many zero entries.

@ According to [16], the convex relaxation of “/y” norm (subset selection) is ¢1 norm.
Therefore, we write the regularized optimization as:

minixmize J(x;0) := J(x;0) + (33)

@ The ¢; regularization is also referred to as lasso (least absolute shrinkage and selection

operator) regularization [8].
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Theory for /1 Norm Regularization
@ Different methods exist for solving optimization having ¢1 norm, such as proximal
algorithm using soft thresholding [17] and coordinate descent [18, 19]. Here, we explain
solving the optimization using the coordinate descent algorithm.
@ The idea of coordinate descent algorithm is similar to the idea of Gibbs sampling [20]
where we work on the dimensions of the variable one by one. Slmllar to what we did for

obtaining Eq. (27), we have: 2_ M\_jl = ”%HI

m

¥ J0xi0) = J0x:0) + el = IO 0) 5 (x = x) THG X Y el

J

@ For simplicity in deriving an interpretable expression, we assume that the Hessian matrix is
diagonal [6]. For coordinate descent, we look at the j-th coordinate (dimension):

L

-%IJ&ﬁﬁzJMﬂh+QMIfﬂi:2+Li;:iiifamw+c

where x = [x1,...,xq] T, x* = [x{,...,x5]", hj is the (j, j)-th element of the diagonal
Hessian matrix, and c is a constant term with respect to x; (not dependent to x;).

@ Taking derivative with respect to x; gives us: , Mjl
8J(x;; 0
94(%: %) :0+@—xj*)hj+asign(>g)5§0 = N\
ox; | S ')\\J
P« XP— 2 x>0, )
¥ G ) — 'j
xj =X — - sign(x)) x4+ 2 ifx <0, (34)
j J hj J )
which is a soft thresholding function. - 7 9“)’
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Theory for /1 Norm Regularization

@ Soft-thresholding:

@ If [x*| < (a/h;j), the solution to the regularized problem, i.e., xT, is zero. Recall that in >

norm regularization, we shrank the weak solutions close to zero; however, here in ¢ norm

. . T . . ——
regularization, we are setting the weak solutions exactly to zero. That is why the solutions
are relatively sparse in L’M@ﬂ'

@ In {1 norm regularization, as shown in this figure, even the strong solutions are a little
shrunk (from the x]L = XJ?k line), the fact that we also had in ¢ norm regularization.

—_—
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Comparison of ¢, and /; Regularization

@ Another intuition for why the ¢; norm regularization is sparse is illustrated below (credit if
Tibshirani - 1996 [8]).
@ The objective J(x; ) has some contour levels like a bowl (if it is convex). The

regularization term is also a norm ball, which is a sphere bowl (cone) for ¢2 norm and a
diamond bowl (cone) for £; norm [15].

@ For {3 norm regularization, the objective and the penalty term contact at a point where
some of the coordinates might be small; however, for 1 norm, the contact point can be at
some point where some variables are exactly zero. This again shows the reason of sparsity
in £1 norm regularization.

»T

b Ly o TR bell o & (b)
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@ Some slides are inspired by the textbook: Trevor Hastie, Robert Tibshirani, Jerome
Friedman, " The elements of statistical learning: Data Mining, Inference, and Prediction”,
Springer, 2009 [7].

@ Another textbook suitable for sparsity in machine learning is: Robert Tibshirani, Martin
Wainwright, Trevor Hastie, " Statistical learning with sparsity: the lasso and
generalizations”, Chapman and Hall/CRC, 2015 [13].

@ Some slides are inspired by the lectures of Prof. Ali Ghodsi at the University of Waterloo,
Department of Statistics and Actuarial Science, see his YouTube channel:
https://wuw.youtube.com/@DataScienceCoursesUW

@ Some slides are also inspired by the lectures of Prof. Hoda Mohammadzade at the Sharif
University of Technology, Department of Electrical Engineering.

@ Some slides are based on our tutorial paper: " The Theory Behind Overfitting, Cross

Validation, Regularization, Bagging, and Boosting: Tutorial” [2]
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