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Dataset

@ Consider a dataset {x1,x2,...,Xn} where x; € RY.
Jis=
@ We have some labels too: {y;,¥s,...,¥,} where y; € RP. Usually p =1 (but not
always).

@ The labels are not necessarily discrete but can be continuous.
ot necessanly discrete -

@ Example: data can be the data of weather temperature, longitude, latitude, etc, of the
city. The label can be the pollution of the city.

—

Vs



Linear Regression

@ We can consider a map f(.) which maps data to the labels: 4
—_— —_—
y =) M)

@ In regression, we want to estimate this map f.
S=hare s mab

where € € RP is noise.

In linear regression, we want to estimate this map f by a line (or affine function).

@ First, consider the case p = 1:
L

d
R3S f(x) = Bo+ Y Bjx; )
j=1

where x; is the j-th element of x and {5; € R}J‘.’:O are the learnable parameters and
4
Bo € R is specifically for learning the bias (intercept).
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Linear Regression

@ One way to do this estimation is to minimize the least squares error between the labels

and the estimated model:

minimize 2”: (y; 7@ i) 2": (y:' —Bo — zd:ﬁjxlj)@ / (3)
i=1

{8} =N = -
\—-\'&\/\/
where xj; is the j-th element of x;, i.e., x; = [xj1,... S xig] T
@ We can write it in matrix form. Let: @
Lx) X11, - -« X1d
1, x, X21, - - -, X2d
RS 8= [, b1, pfD RO s x= |7 o 1T
- . .

ST

Risy= lagyrs -yl
T

e '\ (
The above optimization problem becomes: Q.H) X

— ml@ize }XME‘) (4)
" k(e
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Linear Regression

@ The cost function is simplified as:

/\/\/\
ly - XBI3 = (v =XB) (y=XB) = (y" — BT XT)(y — XB)

= yT/;_/’— y' ' XB - BTXTXxp.
W) )<

@ Taking derivative of the cost function and sétting to zero:

3ﬁ(||y XBl2) =Xy - X'y +2X X8
=>/{XTxg /{xT
l/\_}
_ T —1y T
— B=(X"X) Xy, e K (5)

@ Test phase: The predicted labels for some data @is:
<*x
=@ XXXy, € ®)
1—_\,
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Linear Regression

@ In a more general form, if p is not necessarily one, we have:
Pttt S

ot
R3PS B =B} B),..., ]@ RSy | ,
vV i~ = W~ :

-

Yn

where 3; € RP and y; € RP.

@ In this case, the optimization problem becomes: ﬂkf
mingnize Yy — XB|@ (7)

where ||.||r denotes the Frobenius norm.

dHIAf
")\(LJ\«—}\_/

n+y
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Linear Regression

@ The cost function is simplified as:

1Y = XB|2 = tr((Y — 580y - XB)_tr(G Q)(Y XB))
- wi tr(YTXB) —te(B X" Y) +tr(B' X" XB).
N— “NN— NNN—/

@ Taking derivative of the cost function and setting to zero:

A

i(||Y - XB|2)=-XTY-XxTy+2xTxB=0

— ATXB 7/5)(T Y

— B XTX)XF) (®)

@ Test phase: The predicted labels for some data @is:

@ X(XTX)"1xTy. 9)
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Ridge Linear
Regression J

\\j -
N
‘3 ~
1
A
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Ridge Linear Regression

@ We add /> norm regularization term as a penalty on the size of the learnable parameters.
@ Case p=1: *,

il
(n/_swd\; a
minimize Z (y,' —Bo — Z Bjx,-j) +®Z 57, (10)
Bl = = =0
where XA > 0 is the regularization parameter.
L

@ We can write it in matrix form. The above optimization problem becomes:

minimize |y — X,E}||§ (11)
L— T
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Ridge Linear Regression

@ The cost function is simplified as:

¥ T T ff'r TyT "
ly = XBI3HMIBI3 Yy y—y ' XB-B"XTY +8TXTXpB
\/\/\/ ( J

@ Taking derivative of the cost function and setting to zero:

set

O c—
(||y xBl5 +I18I3) = xTy XTy+2XTX[3+2>\,@

TXB)rB)=2X"y :>)@(XTX+AI)@/ZXT

— B=(X"XFAD)'XxTy. (12)
—— 1 K
@ It is strengthening the main diagonal of XT X so it makes X T X full rank and
non-singular. In other words, it makes X T X invertible.

@ Test phase: The predicted labels for some data X is:

y=XB=XX"X+X)"1XTy. (13)
c— !

(6 (TR Ty |
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Ridge Linear Regression

@ More general case where p is not necessarily one:

minimize ||Y — XB|% + || B||%.
B f.,———-’ [ Y

(14)
@ The cost function is simplified as:
~
Y — XBI|Z + X|BI|Z :W— XB)"(Y — XB)) + \tr(B B)
=tr((Y"T —B"XT)(Y — XB)) + Atr(B" B)
=tr(Y'Y)—tr(YTXB)~tr(B"XTY)+tr(B' X" XB) + Mr(B" B).
— —
@ Taking derivative of the cost function and setting to zero:
—————
83(\\ Y — XB|% + Mr(BT B)) = xT Y XY +2XTXB+2)\B =
= 2XTXB}r 2B 2XT Y :@(xTx + /\I‘7/46(T
= B=(XTX+ leY 15
t_/( ) S (15)
@ Test phase: The predicted labels for some data X is:
Y=XB=XX"X+X)"XTY (16)
~—
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Lasso Linear
Regression J
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/1 Norm Regularization

@ As explained before, sparsity is very useful and effective. If x = [x1,...,xq4] ", for having
sparsity, we should use subset selection for the regularization:

minimize J(x; 0) := J(x;0) + a||x]|o, (17)
where:
g 0 ifx=0
j=
is “lo” norm, which is not a norm (so we used “.” for it) because it does not satisfy the

norm properties [1]. The “fy” norm counts the number of non-zero elements so when we
penalize it, it means that we want to have sparser solutions with many zero entries.

@ According to [2], the convex relaxation of “4y" norm (subset selection) is £1 norm.
Therefore, we write the regularized optimization as:

minixmize J(x;0) := J(x;0) +3£(_H,1;_1 (19)

@ The ¢; regularization is also referred to as lasso (least absolute shrinkage and selection
operator) regularization [3].
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/ ( 4
Lasso Linear Regression b1 M‘“’”*’ﬁgﬁﬂ

@ We add ¢; norm regularization term as a penalty on the size of the learnable parameters.

@ Case p=1:
S
l?igi?]ize Z (y,- — Bo — Z,BJXU A'_) HF\ (20)
JJj=0 i=1

where A > 0 is the regularization parameter and |.| denotes the absolute \value function.

@ We can write it in matrix form. The above optimization problem becomgs:

iz 1665+ Nisl (21)
@ Let xj € R" denofe the k- of X € RMX(d+1) je X = [x’l,...,xfjﬂ]. The
abo&TosT tunctign can be restated as:
d+1 )
minimize ||@_Zﬁkx'k|2 + A8l (22)
B=[B1,--,Ba41] " _ —

@ This cost funcfion can be further restated as below by taking out the j-th element from

13 VT (23)
N~

minimize Hy —
B=[B1,--,B8a41]"
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Lasso Linear Regression

@ We had:
[ d+1 ‘ 5
o _ " _ X!
¥ T Iv k:%#jﬁm ﬁJXJHZ \
’ é-‘? ‘ FJ \‘
@ We define:

d+1

R" 3@: y— 3 Bixp l ( (24)
k=1,k#j <« \ \
Therefore the cost function becomes: >‘ 2—

x &=
minimize 8ix
B=[B1,---.Bd41] T |@ J ||2 @

@ We use coordinate descent for optimization. Considering the j-th elen

minimize H@— B_/X,/H% + AlBil,
Bj [

where z is a constant with respect to ;.
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Lasso Linear Regression AL < LT,

(A
@ We had:

( 1
D 4 min[i;mize |z — BjXJ/'H% + Al
J

@ The cost is simplified as:
C N T oA~ (N
HQXE;%§+AWH=(Z*®ﬁﬁzzfﬁﬁJ+M@\

= (i;r _&Xj—r)(z - /BJ'XJ,') + Al :’Z;Z— ﬁjZij’- — ﬁjijz + ,BJ-ZXJ-TXJ’- + AlBjls
o WIN— , —_—

where it is noticed in calculations that ; is a scalar.

@ Taking derivative of the cost function with respect to 3; and setting to zero:

8 4 / / .
(lz - 5jxj||§ +A8]) = ijz + 2BJ‘XJ.TXJ/- + Asign(8;)
Y S U G\ [ S
= xJ/-Tz + 2ﬁjx;-—rxj'- + Asign(B;) = —2xj/-Tz + 25jle-TxJ'- + Xsign(B;) S:Et@
| el G |

x-Tz A .
Fruo e 520 —~
= Bj= L,_L,?;_l -
x. 'z .
F— + 5 i <o
t J J 1
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Lasso Linear Regression

@ We found:
‘T
BEoy 2o
X B=q (29)
— +2 ifp <o

x; Tx!
J

@ If the cost is (1/2)]|z — ,8_,xJ’||§ + A|Bj|, then the (1/2) multipliers of A will go away (if you
put (1/2) multiplied by the norm and calculate the derivative as was done, you will see

why):
x T .
x',JTxf A ﬁj =0
g m=9 ¥ (26)
T + X if ﬁj < 0.
i %

@ If the columns of matrix X are normalized to have unit length, then xJ,.Tfo = ij’||% :@
e

and it would simplify the solution further to: “—o

xTz—X ifB >0
- J J = 27
% O {ijz-l—)\ if B; < 0. ¥* (27
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Lasso Linear Regression

@ This is a soft-thresholding function:
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Comparison of ¢, and /; Regularization

@ An intuition for why the ¢1 norm regularization is sparse is illustrated below (credit if
Tibshirani - 1996 [3]).

@ The objective J(x;6) has some contour levels like a bowl (if it is convex). The
regularization term is also a norm ball, which is a sphere bowl (cone) for ¢2 norm and a
diamond bowl (cone) for ¢1 norm [1].

@ For {3 norm regularization, the objective and the penalty term contact at a point where
some of the coordinates might be small; however, for 1 norm, the contact point can be at
some point where some variables are exactly zero. This again shows the reason of sparsity
in £1 norm regularization.
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Acknowledgment

@ For more information on linear regression, see the book: Trevor Hastie, Robert Tibshirani,
Jerome H. Friedman, Jerome H. Friedman. “The elements of statistical learning: data
mining, inference, and prediction”. Vol. 2. New York: springer, 2009 [4].

@ Another textbook suitable for sparsity in machine learning is: Robert Tibshirani, Martin
Wainwright, Trevor Hastie, " Statisti ing with sparsity: the lasso and
generalizations”, Chapman and Hall/CRC, 2015 [5].

@ Some slides of this slide deck are inspired by teachings of Prof. Mu Zhu at University of
Waterloo, Department of Statistics and Prof. Hoda Mohammadzade at Sharif University
of Technology, Department of Electrical Engineering.
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